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Introduction. Weierstrass was the first to prove that an arbitrary 
continuous function which is defined over a closed finite interval may 
be uniformly approximated by a sequence of polynomials. The more 
difficult problem of best approximation by polynomials had earlier 
been initiated by Tchebycheff. A number of years later, in the early 
part of the present century, de la Vallée Poussin raised the following 
question of best approximation: Is it possible to approximate every 
polygonal line by polynomials of degree m with an error of 0(1/n) as n 
becomes large? (He had proved that the approximation can be carried 
out with an error of O(1/m). This question was answered in the nega- 
tive by Serge Bernstein in a prize-winning essay on problems of best 
approximation. In this paper Bernstein proved and made consider- 
able use of an inequality concerning the derivatives of polynomials. 
This inequality and a related (and earlier) one by Andrew Markoff 
have been the starting point of a considerable literature. It has been 
found for example that the underlying ideas of these two inequalities 
are applicable to a much wider class of functions than polynomials. 
These inequalities have supplied one approach to questions concern- 
ing the derivatives of quasi-analytic functions. A generalization of 
Bernstein's theorem has been applied to almost periodic functions. 

In discussing a mathematical theory we may emphasize either its 
applications or the salient points of the theory itself. The applications 
of Bernstein’s inequality to problems of approximation (where it has 
probably had its greatest success) have been treated in the literature; 
see for example Dunham Jackson’s book in the Colloquium Publica- 
tions of the American Mathematical Society. On the other hand I am 
unaware of any recent résumé of the literature which has been sug- 
gested by the theorems of Markoff and Bernstein, so I shall discuss 
some of the investigations which have centered about these theorems. 


Rational polynomials. It was the chemist Mendeleieff (author of the 
periodic table of chemistry) who asked the following question: If the 
bound of a rational polynomial over a given interval is known, how 
large may its derivative be in this interval? The maximum possible 
value of the derivative will of course depend on the degree of the poly- 


1 An address delivered before the Los Angeles meeting of the Society on November 
23, 1940, by invitation of the Program Committee. 
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nomial. Actually Mendeleieff was interested in only the special case 
in which the polynomial is of degree two, and in this case the question 
is easily answered. The question for a polynomial of arbitrary degree 
is more difficult, but was answered in 1889 by A. Markoff [23] who 
proved the following theorem: 


THEOREM I. If f(x) =) %c,x" is a rational polynomial of degree n and 
| f(x) | <1 the tnterval —1 Sx then in the same interval 


(1) | | 


The inequality of S. Bernstein [2] which appeared in his paper pre- 
viously mentioned is as follows: 


THEOREM II. Under the conditions of Theorem I 
(2) | | — —1<2<1. 


Inequalities (1) and (2) are exact in the following sense. The con- 
stant m? in (1) cannot be replaced by any lower constant, in fact there 
is a well known polynomial which satisfies the conditions of Theorem 
I and whose derivative at the point x =1 is equal to n*. This polyno- 
mial is the mth Tchebycheff polynomial 


(3) 7,(x) = cos (” arc cos x) = {x — cos — 


It satisfies the differential equation 
(1 — (x) — (x) + n°T,(x) = 0. 


However, it is known that at points in the interior of the interval 
(—1, 1) the derivative of f(x) must be strictly less than n?. In Bern- 
stein’s theorem, on the other hand, the bound for f’(x) is given as a 
function of x. This dominant n(1 —x?)—"/? is the least possible dominant 
only at special points in the interval (—1, 1). It is, however, asymp- 
totically equal to the precise bound at every fixed point in the interior 
of the interval as m becomes infinite. 

It is easily seen that Bernstein’s inequality gives a much lower esti- 
mate of f’(x) than does Markoff’s except for a small neighborhood of 
the points —1 and +1. This remark has been used to prove Markoff’s 
theorem with the aid of Bernstein’s. If x lies in the interval 
|x| <cos (37/m) then (2) shows that 


| | < n?, 


sin (37/n) 
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Then to prove Markoff’s inequality it is only necessary, in view of evi- 
dent symmetry, to show that (1) is satisfied in the range cos (32/n) 
<x <1, and this has been accomplished by several methods.” 

The above remarks show that if x is a fixed point and 1 is increas- 
ing, the proper bound for f’(x) is of order m when |x| <1 and of order 
n* when |x| =1. The reason that the order is different in these two 
cases can be seen from the following result due to Szegé [36]. Let T 
represent an open or a closed Jordan curve in the complex z-plane, 
and at any point zo on I let am be the exterior angle. In the case in 
which [ is an open curve there will of course be two exterior angles 
at each point Zo except the ends. In this case let am be the larger of 
the two exterior angles at 29. With suitable smoothness conditions on 
I’ we have the following theorem: 


THEOREM III. If f(z) =)-3c,2” is a rational polynomial of degree n 
and | f(z)| <1 on T then 


| f’(z0) | < cn, 2a ETP. 
Here c is a constant which depends on 29 and 1, but not on n. 


It is possible to show that the bound cn* in this inequality is of the 
precise order as n becomes infinite. In the case in which L is the inter- 
val (—1, 1) of the real axis we see that a=2 at the endpoints of the 
interval, so this theorem shows that the derivative is of order n?. On 
the other hand at points in the interior of the interval a=1, so at 
these points the derivative is of order n. 

Theorem III can be proved by the use of conformal mapping. Let 


w = = az + a+ a,/2+--- 


be a function which maps the exterior of I onto the exterior of the 
unit circle in the w plane in such a way that the points at infinity 
correspond. Then the function f(z)¢~*(z) is regular in the exterior 
of I’, even at infinity. Since it is bounded by 1 on I it has the same 
bound outside I, 


(4) | | <| 


Now the behavior of the mapping function ¢(z) near the boundary 

of I has been effectively studied so it is possible to obtain good esti- 

mates of f(z) from (4). To obtain an estimate for the derivative of 
f(z) we write 

1 
f'(a)=—| 
2ridc (z — Zo)? 
2 See Kellogg [20], M. Riesz [29], Schur [32]. 
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where C is a circle with center at 29 and properly chosen radius. The 
theorem is then proved by taking absolute magnitudes under the in- 
tegral sign and making use of (4). 

In the case in which T is the segment (—1, 1) of the real axis the 
mapping function ¢(z) is especially simple. In this special case Montel 
[25] had earlier used a similar method to obtain inequalities (1) and 
(2), although not in their precise form. He showed, for example, that 
under the conditions of Theorem I the derivative of f(x) is less than 
4n*. 

There are analogous inequalities for the Riemann-Liouville gen- 
eralized derivatives of positive order a: 


Def(x) = 


1 z 
T(p — a) (x f(t) dt 


where a>0 and p is the integer part of a+1. Montel showed that if 
f(x) satisfies the conditions of Theorem I then in every interval 
(—Xo, Xo); 0<xo<1, 


| Def(x)| Kn*, = K(a, a> 0. 
This result was later generalized by Sewell [34] who obtained inequal- 


ties for the fractional derivatives of those polynomials which satisfy 
the conditions of Theorem III. 


Trigonometric polynomials. An extension of Theorem II to trigo- 
nometric polynomials was found by Bernstein. By a trigonometric 
polynomial of degree m we mean an expression of the form 


(5) F(6) = > (a, cos v0 + b, sin v6). 
0 


If in Theorem II we make the substitution x=cos 6, then, as is well 
known, f(cos 0) =)_¢, cos’ 6 may be written as a trigonometric poly- 
nomial of degree m in which only the cosine terms appear. Since 
dé = —(1—x?)~"/*dx, inequality (2) states that 

|= 0) | <n 

| dé 
More generally we may state the following proposition: 

THEOREM IV. If F(6) is a trigonometric polynomial of degree n and 

| F(@)| <1 for real 0, then 
(6) <n, 6 real. 


1941] INEQUALITIES OF MARKOFF AND BERNSTEIN 569 


This result was proved by Bernstein [2] at the same time as Theo- 
rem II, except that in (6) he had 2m in place of n. Inequality (6) in 
the present form first appeared in print in a paper of Fekete [15] who 
attributes the proof to Fejér. Bernstein [5, p. 39] attributes the proof 
to Landau. This theorem has a wide application to problems of ap- 
proximation by trigonometric polynomials. The example F(@) =sin n6 
shows that no lower constant than n will suffice in (6). 

As already mentioned, under the substitution x=cos @ a rational 
polynomial is transformed into a cosine polynomial in 6 of the same 
degree; and the converse is also true. On the other hand, a sine poly- 
nomial F(@) =)>_%b, sin v@ is transformed into a function of the form 
(1—x?)!/2 P,_4(x) where P,_1(x) is a rational polynomial of degree n —1 
in x. In this sense the trigonometric polynomials represent a wider 
class of functions than the rational polynomials. This distinction is of 
some importance because the class of trigonometric polynomials pos- 
sesses a flexibility which makes several theorems easier to prove in 
terms of trigonometric polynomials than in terms of rational poly- 
nomials. 

Bernstein’s proof of Theorem IV was based on a variational 
method. Simpler proofs of this theorem have been obtained by 
M. Riesz, F. Riesz, and de la Vallée Poussin. Each of these meth- 
ods has led to interesting extensions of Theorem IV, so we shall 
discuss them briefly. M. Riesz’ proof is based on an important in- 
terpolation formula which expresses the derivative of a trigonometric 
polynomial in terms of the ‘values of the polynomial at 2” equidistant 
points. 


M. RIEsz’ INTERPOLATION FORMULA [29]. If F(@) is a trigonometric 
polynomial of degree n then 
2n—1 


(7) F’(6) = (— (0 + 4,). 


Here p, and 0, are constants which depend only on n and satisfy p,>0, 
Yip, =n, 0<00<0,< <Oon1<2r. 

Theorem IV is an obvious consequence of (7). This interpolation 
formula was used by Zygmund to obtain a generalization of Theorem 
IV. Zygmund [42] proved the following: 

THEOREM V. Let p21. If F(@) is a trigonometric polynomial of de- 
gree n then 
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This result is proved by use of M. Riesz’ interpolation formula and 
Jensen’s inequality for convex functions. Theorem IV is obtained 
from (8) by letting p become infinite. 

The proof of Theorem IV due to F. Riesz [28] begins with the 
representation 


(9) F’(6) = sin ro} d. 


This may be obtained by use of the familiar integral representation 
of the coefficients a, and b,. The underlying idea in this method is the 
completion of the kernel, an idea which had earlier been used by 
Landau and by Fejér in other problems. The kernel in (9) is not posi- 
tive, but since I’ is a trigonometric polynomial of degree we may 
add to the kernel terms in cos v@ and sin vp where 1 is greater than n, 
and the value of the integral will not be changed. Adding a suitable 
trigonometric sum in (9) we obtain 


(10) F’(@) = ~ "re + ¢) >> (n — v) cos sin 
T 0 1 


The kernel in this case is more regular than before, although it is not 
positive. If we take absolute magnitudes under the integral sign and 
replace | Fl by 1 and | sin ng| by 1, what is left of the integrand is 
positive (it is essentially the Fejér kernel). Then we may integrate 
termwise and we obtain 


| F’(0) | < 2m. 


This is less precise than Theorem IV, but F. Riesz showed how the 
kernel could be completed still further, and Theorem IV could be 
proved by this method. 

de la Vallée Poussin’s proof [40] of Theorem IV is based on the 
well known theorem that a trigonometric polynomial of degree m can 


have at most 2 real zeros modulo 27. If X and a are real, —1<A<1, 
the function 

(11) g(0) = cos 9 — dF(6 + a) 

is positive wherever cos 70 = +1 and is negative wherever cos 9 = —1. 


It therefore vanishes at 2n different points modulo 27. It can be 
shown that if the derivative of F(@) is greater than m, then \ and a 
can be so chosen that g(@) has at least 2n+1 zeros modulo 27. This 
is impossible since g() is a trigonometric polynomial of degree 27. 
The method of de la Vallée Poussin applies only to polynomials 
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with real coefficients, but this is a restriction which is easily removed. 
For, if F(@) is any polynomial which satisfies the conditions of Theo- 
rem IV and 7 is a complex constant of unit modulus then yF(@) will 
satisfy the conditions of Theorem IV, and so will R{yF(6)}. But y 
can be so chosen that the derivative of y F(@) at any preassigned point 
is real, and then the derivative of R {yF (0) } will have the same modu- 
lus as F’(@) at this point. The inequalities which have been mentioned 
until now hold whether the polynomials have real or complex coeffi- 
cients, and this is true in all subsequent cases except where the con- 
trary is stated. 

de la Vallée Poussin’s method can be used to show that under the 
conditions of Theorem IV we have the sharper inequality 


(12) n?(F(0))? + (F’(0))? 


Here F(@) is assumed real. In the general case in which the polyno- 
mial is complex we cannot say that the sum of the absolute magni- 
tudes of the two terms on the left is less than ?. This is shown by 
the example F(@) =e*"*. Inequality (12) was first explicitly stated by 
van der Corput and Schaake [9], although it is implicit in an earlier 
inequality due to Szegé. 


Polynomials in several variables. Now any trigonometric polyno- 
mial is the boundary function on the unit circle of a harmonic poly- 
nomial of the same degree. If F(@) is given by (5) then 


(13) F(r, 0) = .- r’(a, cos v0 + b, sin v6) 
0 


is a harmonic polynomial of degree m and F(1, 0) = F(@). This har- 
monic function may also be expressed as a polynomial of degree m in 
the rectangular coordinates x and y under the substitution x =r cos @, 
y=r sin 0; and it satisfies Laplace’s equation F,,+ F,,=0. 

Interpreting Theorem IV from the point of view of harmonic func- 
tions, it states that if a harmonic polynomial of degree is bounded 
by 1 on the unit circle r=1 then its tangential derivative on the unit 
circle is bounded by . Under the same conditions, how large can the 
derivative be in other directions? Now the gradient of a function is a 
vector equal in magnitude to the largest directional derivative of the 
function. This question is therefore answered in the following theorem 
of Szegé [37]. 


THEOREM VI. Jf F(r, 0) is a harmonic polynomial of degree n and 
| F(A, 6)| <1 then forrs1 


(14) | grad F(r, 6) | =". 
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To prove this theorem it is sufficient to show that (14) is satisfied 
on the unit circle, that is, when r=1. Also it is sufficient to show that 
for all real a the expression 


(15) 
cos sin 


is bounded by n. From this point the proof parallels the method of 
F. Riesz. We obtain by a familiar method of Fourier series an integral 
representation of (15) which is slightly more complicated than (9). 
The idea then is to complete the kernel. 

At about the same time Kellogg investigated problems concerning 
the derivatives of general, not necessarily harmonic, polynomials in 
two and more variables. Suppose that P(x, y) is a polynomial of de- 
gree m in rectangular variables, and that it is bounded by 1 in the 
unit circle x?+y?<1. Here of course we cannot apply the maximum 
principle of harmonic functions so we assume that the polynomial is 
bounded in the closed interior of the unit circle, not merely on the 
boundary. The inequalities in this case will of course not be the same 
as those that are valid for harmonic polynomials. Along any diameter 
of the unit circle P(x, y) = P(r cos 0, r sin @) will be a polynomial of de- 
gree n in r=(x?+y?)"/?, where we allow 7 to take negative values. 
Theorems I and II then show that its derivative with respect to r (the 
derivative of P in the radial direction) will be dominated by the 
smaller of the two numbers m(1—r?)-'/? and n?. Here we may ask: 
How large can the derivative be in other directions? Kellogg answered 
this by showing that the gradient of P(x, y) is bounded by the smaller 
of the two numbers n(1—x?— y?)—!/? and n?. This includes both Theo- 
rem I and Theorem II, for if f(x) satisfies the conditions of Theorem I 
then it may be considered as a polynomial in x and y, with the coeffi- 
cients of terms in y equal to zero. As such it will be bounded by 1 in 
the unit circle, and Kellogg’s result then shows that the derivative 
of f(x) must satisfy inequalities (1) and (2). 

There are analogous inequalities for polynomials in more than two 
variables. Kellogg [20] proved the following: 


THEOREM VII. Jf P(x1, x2,---, Xm) is a polynomial of degree n 
which is bounded by 1 in the unit sphere 2+23+ --- +22,S1 then in 
the same sphere the gradient of P is dominated by the smaller of the two 
numbers -- - —x2,)~? and n’. 


Using a rotation of axes, this theorem in the case of more than two 
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variables can be deduced from the special case in which there are 
two variables. 

Theorem VI also suggests problems concerning the gradient of 
polynomials in more than two variables. For harmonic polynomials 
of three variables which are bounded by 1 on the unit sphere the pre- 
cise bounds of the gradient are known, except, curiously, when the 
polynomial is of degree two or three [38]. Unlike Theorem VII, the 
proper bound for the gradient of harmonic polynomials in three di- 
mensions does not seem to be deducible from the corresponding in- 
equality in the two-dimensional case. The proper bound for the 
gradient in the three-dimensional case is considerably more compli- 
cated than (14). 


Entire functions. An extension of Theorem IV to a much wider 
class of functions than polynomials was noted by Bernstein. Clearly 
a trigonometric polynomial F(z) =)_(a, cos vz+5, sin vz) is periodic 
with period 27, and is also an entire function of the complex variable 
z. It also belongs to the class of entire functions which are of expo- 
nential type, that is, those which satisfy, for some positive constant p, 


(16) F(z) = O(er!+!) 


uniformly in every direction as |z|->. In the case in which F(z) is 
a trigonometric polynomial, (16) is true with p equal to the degree 
of the polynomial. Bernstein [4] found that the condition in Theorem 
IV that F(z) is a trigonometric polynomial can be replaced by the 
milder condition that it is an entire function of exponential type. He 
proved the following: 


THEOREM VIII. Jf F(z), z=x-++1y, is an entire function of exponen- 
tial type which satisfies 


| F(z)| = O(e*'#!), F(x) |< 1, 
then on the real axis 
(17) | F’(x)| <p. 


In this theorem p need not be an integer, and the functions which 
satisfy these conditions are not in general periodic. This theorem is 
applicable for example to the general Fourier-Stieltjes transform 


(18) F(z) = f 


where a(t) is of bounded variation. 
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If F(z) satisfies the conditions of Theorem VIII it can be shown by 
repeated use of the Phragmén-Lindeléf principle that 


(19) | F(x + iy)| < elu, 
If x is a point on the real axis let C be a circle with radius 1/p and 
center at x, and write 

1 F(z) 


Then taking absolute magnitudes under the integral sign and making 
use of (19) we obtain 


| F’(x) | < ep. 


This is less precise than inequality (17). Inequality (17) can be proved 
using a modification of any of the methods outlined for proving Theo- 
rem IV. 

Boas [7] obtained sharper results than in Theorem VIII, but under 
the slightly more stringent condition that F(z) is representable in the 
form (18), and is bounded by 1 on the real axis. 


Higher derivatives. The inequalities which have been mentioned 
until now have concerned the first derivative of the function. In some 
cases the proper bounds for the higher derivatives can be inferred by 
an inductive process from the inequalities for the first derivative. This 
is the case for example in Theorem IV. If F(@) satisfies the conditions 
of that.theorem then the function F’(@)/n is a trigonometric poly- 
nomial of degree n, and is bounded by 1. Hence we infer from (6) that 
| F’’(6)| <n*. In the same way we obtain the best bounds for all 
higher derivatives of F(@). This inductive process does not give the 
best bounds in all cases, however. If f(x) is a rational polynomial of 
degree m and is bounded by 1 in (—1, 1) then repeated use of Theo- 
rem I will show that |f’(x)| <n?(mn—1)?. It is known that the true 
bound for f’(x) is less than this. It was Wladimir Markoff (brother of 
A. Markoff) who found the proper bounds for the higher derivatives 
of f(x) under these conditions. W. Markoff [24] proved the theorem 
which follows. 


THEOREM IX. Under the conditions of Theorem 1 


n?(n? — — 2%) --- (nm? — (p — 1)?) 


(20) 1-3-5--- (2p — 1) 
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The right-hand side of this inequality is exactly equal to T” (1), 
where T,,(x) is the nth Tchebycheff polynomial (3). Markoff’s proof 
of this result is based on a variational method. For fixed p suppose 
that f(x) is an extremal polynomial, that is, suppose its pth derivative 
assumes the maximum possible value under the conditions of Theo- 
rem IX. (It is easily shown that this polynomial exists.) Markoff used 
a variational method to show that | f(x)| must be equal to 1 at either 
n or n+1 different points in the interval (—1, 1). In the latter case 
+f(x) is the nth Tchebycheff polynomial, whose derivatives are easily 
shown to satisfy (20). In the former case it is possible to show that 
f(x) satisfies a differential equation of the form 

1 — — b)(x 
(21) 1 — (f(x))? = (f’(x))?. 


— a)? 


Here a, b, c are real constants which depend upon one parameter. 
Markoff was then able to show that the derivatives of this class of 
polynomials satisfy (20), but the proof is quite difficult. 

The differential equation (21) appeared in a paper of Tchebycheff 
[39] in 1854, but the polynomial solutions are often named for 
Zolotareff, who investigated their properties extensively at a later 
date. Zolotareff [41] showed that this differential equation admits a 
polynomial solution if and only if the constants a, b, c satisfy certain 
equations, which involve elliptic integrals. These elliptic integrals 
were not used, however, by W. Markoff in the proof of Theorem IX. 

W. Markoff also investigated a more general problem: Jf 
ko, ki, Rn are given constants and f(x) the con- 
ditions of Theorem 1, what is the precise bound for the linear form 
>°c,.k,? The best bound will of course depend upon the constants k, 
as well as upon the degree of the polynomial. By suitably choosing 
the constants k, the linear form can be made equal to any derivative ° 
of f(x) at any preassigned point. However, this general problem was 
not carried so far as the special problem concerning derivatives of f(x). 

Duffin and Schaeffer found a shorter proof of Theorem IX. In ad- 
dition they showed that for inequality (20) to be satisfied it is not 
necessary to assume that the polynomial is bounded over the entire 
interval (—1, 1). They proved [13] the following fact: 


TueoreM X. If f(x) is a rational polynomial of degree n 
and | f(x) | <1 at the n+1 points where (T,(x))*=1, then 
n?(n? — 1*)--- (n? — (p — 1)*) 
1-3-5--- (2p — 1) 


| f(x)| 
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In the case of the first derivative (=1) this is a generalization of 
Theorem I, but there is no analogous generalization of Theorem II, 
at least in the obvious form. It is possible to show by use of an inter- 
polation formula that if f(x) satisfies the conditions of Theorem X 
then the inequality | f’(x)| <m(1—x*)-¥/? will be satisfied at special 
points, but this inequality will not be valid throughout the entire in- 
terval (—1, 1). 

Quasi-analytic functions. The theorems of Markoff and Bernstein 
lead in a natural way to problems concerning the derivatives of a 
class of functions which are in general not analytic. One of the sim- 
plest results of this nature is the following lemma which is useful in 
the proof of certain Tauberian theorems: Jf f(x) is two times differ- 
entiable for x >0, and if as x—> © 


f(x) =0(1), f(x) = O(1), 
then 
= o(1). 


More general problems of this nature have been investigated by 
Hardy and Littlewood [16], Landau, and others. One problem which 
presents itself is: 


If f(x) is n times differentiable in a given interval I (finite or infinite), 
and tf throughout I, 
what is the proper dominant of f‘® (x) over I,O<k <n? 


When J is a finite interval the question has not been answered ex- 
cept in special cases. Approximate results were obtained by Ore and 
Gorny. Ore [26] proved, for example, that under the above conditions 
the first derivative must satisfy 


2(n — 1)? L*" 
s + \ 


n! 


where L is the length of the interval J. His proof is based on Taylor’s 
formula and makes use of A. Markoff’s theorem. For a finite interval 
an exact solution was given by Landau in the special case n=2. 
Landau [22] also investigated problems in which the second deriva- 
tive satisfies a one-sided condition. Suppose f(x) is real and |f(x)| =< 
f''(x) 2a throughout a finite interval J, where a is some constant. 
Of course if a is too large with respect to the length of the interval 
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there will be no function which satisfies these conditions. But if a is 
small enough, in particular if a <0, the conditions are consistent and 
it is possible to find a dominant for the first derivative of the function. 
This dominant varies throughout the interval, becoming infinite at 
the endpoints. 

In the case in which J is an infinite interval and 1 is arbitrary, the 
precise bounds for f(x), 0<k<mn, were obtained by Kolmogoroff 
[21]. The bound for f(x) which was obtained by Kolmorgoroff is 
always less than 7/2, but its precise form is fairly complicated, in- 
volving the ratio of two infinite series. This result has been applied to 
questions concerning quasi-analytic functions. Duffin and Schaeffer 
[12] altered the problem slightly, making stronger hypotheses and 
obtaining stronger results. They proved: Jf the real function f(x) is n 
times differentiable and if for 

(a) (f(x))?S1, 

(b) 
then inequality (b) is true when n is replaced by any smaller positive 
integer. It is possible to obtain Theorem VIII from this result or that 
of Kolmogoroff by a simple argument. 

In conclusion, I wish to acknowledge my indebtedness to Dr. Duffin 
and Professor Szegé to each of whom I owe a great deal. I am also 
indebted to Professor Uspensky for several historical remarks. 
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VALUE REGIONS FOR CONTINUED FRACTIONS! 
W. T. SCOTT AND H. S. WALL 


1. Introduction. In a recent paper? we showed that if a2, a3, a4, - - - 
lie in or upon the parabola 


(1.1) | z| —R(z) =} 

then the continued fraction 

1 Gg Gs 

converges if and only if the series }>|5,| diverges, where b:=1, 
Gn =1/bn-1bn, (n=2, 3, 4,--- ), the series being considered as diver- 


gent if some a, vanishes. Further, if 2 lies outside this parabola, the 
periodic continued fraction 


(1.2) 


in which Z is the conjugate of z, diverges, so that the parabola (1.1) 


is the “best” curve symmetrical with respect to the real axis. 
The principal object of the present paper is to show that when 


(1.3) 


43, lie in or upon the parabola (1.1) then all the approxi- 
mants of (1.2) lie in or upon the circle 
(1.4) 


If 2, is any value of z not zero which is in or upon this circle, then there 
is a value z in or upon the parabola (1.1) such that the value of the 
continued fraction (1.3) is z,, and therefore the circular domain is the 
“best” domain. 


2. Fundamental lemma. If we adopt the notation 


1 On+1 


te, 


= 


then 
1 


1 + On+10n+1 


1 Presented to the Society under the title A geometrical method in the theory of con- 
tinued fractions, November 22, 1940. 

2 W. T. Scott and H. S. Wall, A converge theorem for continued fractions, Transac- 
tions of this Society, vol. 47 (1940), pp. 155-172, p. 166. We refer to this paper later 
as CT. 


= 
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Thus the continued fraction (1.2) may be regarded as a succession of 
linear transformations of elements v, belonging to a set V, where the 
transformations depend upon elements a, of a set U. This notion 
leads us to formulate the following lemma. 


Lemma. [f there exist in the complex plane sets of points U and V 
such that 
(i) 1/(1+u)EV when uc U, 
(ii) 1/(1+uv) when uC U, vEV, 
then every approximant of the continued fraction (1.2), beginning with 
the second, lies in V when the elements a2, a3, a4,--- liein U. 


Let A,/B, denote the mth approximant of (1.2). Then, by (i), 
A2/B,=1/(1+a2)€ V when az€ U. Suppose now that we have veri- 
fied that A,/B,€V when the a,’s are in U. Then 


Ansi/ Bast 1/(1 + 


- - - andisin Vif ag, a4, - - -,@n41 
are in U by our assumption. Hence, by (ii), Ans:/Bas: is in V when 
2, @3,°*~* , @n41, are in U. This proves the lemma by induction. 

We shall call the set U an element region for the continued fraction 
(1.2). As a2, a3, a4, -- - range over U, the values of the approximants 
of (1.2), and the values of (1.2), when convergent, constitute a set V 
which we call the value region corresponding to the element region U. 
These sets U and V satisfy the conditions of the lemma. 

The element region U is called a convergence region for (1.2) if this 
continued fraction remains convergent when the a,’s vary independ- 
ently over U. A convergence region is necessarily bounded, for other- 
wise the a,’s could be so chosen that the series Zz. | b,| would converge, 
which implies divergence of the continued fraction by oscillation. 

In the next section we shall obtain the value region for (1.2) when 
the element region is the set of points in and upon the parabola given 
by (1.1). 


3. The parabola-circle theorem. [f a2, a3, as, -- - lie within or upon 
the parabola (1.1) then all the approximants of the continued fraction 
(1.2) lie within or upon the circle |z—1| =1. This circular region with 
the point z=0 removed is the value region corresponding to the parabolic 
element region. 


We seek first a region V, not necessarily the value region, corre- 
sponding to the parabolic element region U, such that U and V satisfy 
the conditions of the lemma of §2. If | z| —R(z) <3, the continued 
fraction (1.3) converges to the value 
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—1+4 2iy + (4241 
2(x + iy) 
where z=x-+iy. If w=£+in, then 
1 2y 
“ti 


wr 


(3.1) E 


when |2z| —9&(z) =}. Thus w traverses the circle | w—1| =1 asz trav- 
erses the parabola | z| —R(z) =}. From the nature of this mapping 
of the parabola into the circle it is clear that as z ranges over the in- 
terior of the parabola, w ranges over the whole interior of the circle. 
The value w=0 is not assumed for a finite value of z. These considera- 
tions show that the region V which we seek must contain the region 


(3.2) |z—il<1, 


We shall show that the conditions of the lemma are satisfied when U 
is the parabolic region and V is the region (3.2). 
If ve V, u=E+in, we have 


Let v;=1/(1+uv)=p+ig. Then the condition that 7 shall lie in V, 
namely: (—1)?+-q? $1, is seen to reduce to the condition 


(3.3) xt — yn = 3. 


The form of this inequality suggests that we examine the polars of 
the point +77 relative to the hyperbola x? —y?= — 4 when n?=£-+}. 
These polars form the one-parameter family of lines 


(3.4) x(n? — 4) — yn = — 3, —-ax<n< +o, 


The envelope of this family is the circle (x —1)?+y?=1. Thus the line 
x§—yn = — 3 is tangent to the circle if £+77 is on the parabola. One 
can easily see that if +77 is inside the parabola this line does not cut 
the circle. Hence if +7 is in the parabola, and x+7y in the circle, 
the points x+y and the origin lie on one side of this line. It follows 
that the inequality (3.3) holds. 

We have proved that U and V, as defined, satisfy the condition (ii) 
of the lemma. Since v=1 is in V, it follows that (i) holds. 

From the way in which we arrived at (3.2) as the locus of values 
of the continued fraction (1.3) as z ranges over the parabola, and from 
the observation that the value 0 cannot be assumed by (1.2) or any 
of its approximants when the a,’s lie in the parabola, we now con- 


| 
| 
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clude that (3.2) is the value region corresponding to the parabolic ele- 
ment region. Our parabola-circle theorem is now completely proved. 

It is interesting to note that the point of tangency of the line 
xt—yn = —} to the circle (x—1)?+y?=1 when £+77 is on the parab- 
ola is given by 


x = 1/(2 + 1), y = 2n/(2E + 1). 
Hence we have again the projective mapping (3.1). 


4. Circular bounds for the value of a continued fraction. Instead of 
allowing d2, @3, d4,- ~~ to vary independently over the element region 
U, one may suppose certain of the a,’s fixed in U and inquire as to the 
region V in which the value of the continued fraction must lie when it 
converges. In this way one may, for example, obtain an estimate for 
the error committed in using a certain approximant instead of the 
value of the continued fraction. We shall prove the following theorem. 


THEOREM 4.1. If de, a3, 4, - - - Lie within or upon the parabola (1.1), 
then the sequence of even approximants of (1.2), which is necessarily 
convergent, has a limit w which satisfies the inequality 


b 
where 
{ a [1+ as + a|? 
a=1+a41- . 
1+a3+ay |1+ 03+ —| 
| | 


2 


a3 + a4|? —| ay 


Put a,=u,+iv,. Since, by hypothesis, —u, =}, we may write 
|an| =un+h,/2, where 0Sh, <1. Hence 


|1+ a2) 21+ m2 (1+ =| a2| +3, 
| 1+ a2+a3| 21+ us 
= (1 — he/2 — hs/2) + | a2| +| a3| >| as], 
[1 an + [1+ + + + Iings/2 
>| an| n = 3,4,5,---. 
If then we put 


| 1+ densi + | 
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we see that 0<g, $1, (n=1, 2, 3,---); and that 


| Gen | 
| (1 + + Gen)(1 + Geng + Gen+2) 
n= 2,3,4,--- 


(1 — 


43+ 
Define x1, x2, x3, - by the equations 
— 
(1 + ae)(1 + a3 + a4) 
— GenGen+1 


(1 + @en-1 + den) (1 + @en+1 + Gon+2) 


(n=2, 3, 4,---), so that |x| <|a2|/|1+a2| <1; 
|x,| <1, 2,3,4,---). 
Now the even arts of (1.2) is 


= £1%1, 
(4.2) 


(1 


1 
1 + ae — 1 + a3 + — 1 + Os + — 


On making an equivalence transformation and introducing the expres- 
sions in (4.2) we find that this takes the form 


(4.3) 1 {— (1 — gi)gexe 
1 + 1 


In case some a, vanishes, the continued fraction terminates. 
Now put 


_ (1 — gi)gexe (1 — ge)gaxs 
1+ 1 + 1 


so that w=1/(1+a2)(1+%12). For z we have the inequality 


1 l< 


Z- 


2— 81 2— 
and consequently 


5, 


w 


3 CT, p. 160. 
4H. S. Wall, A class of functions bounded in the unit circle, Duke Mathematical 
Journal, vol. 7 (1940), pp. 146-153, p. 148. 


= 


1941] LE NOMBRE COMPLEXE BINAIRE 585 


where a and 6 are as defined in the statement of the theorem. From 
this (4.1) now follows, and the theorem is proved. 
Examples. lf a2=2+31/2, a3= —1/2, ag= —1/4 we find that 


24(78 — 53i)| _ 240 
8893 ~ 8893 
If a2=1/2, ag=1/6, ag=1/3, we find that 
| w — .69375| < .00625. 


In this case the first four partial quotients are the same as those in a 
continued fraction for log 2=.6931---. 


NORTHWESTERN UNIVERSITY 


SUR LE NOMBRE COMPLEXE BINAIRE 
PEDRO F. CAPELLI 


I. INTRODUCTION 


L’objet de ce travail est de démontrer que la théorie des fonctions 
polygénes! d’un variable complexe connu et celles d’un variable com- 
plexe duel et hyperbolique développées par les docteurs Vignaux et 
Durafiona y Vedia’ sont des cas particuliers d’une méme théorie qui 
en contient d’autres. 

On doit l’origine de cette théorie 4 la suivante interprétation gé- 
ométrique de la définition d’unité imaginaire 7? = —1, j7?=1, k?=0. 

Si nous considérons le point représentatif de cette unité, nous ob- 
servons que son carré représente un autre point qui géométriquement 
signifie, dans le champ complexe ordinaire, une rotation de +7/2, et, 
dans le champ complexe hyperbolique, une rotation de —72/2 et dans 
le duel une translation 4 zéro. 

Il n’y a rien de plus naturel que de considérer ces questions comme 
cas particuliers d’une rotation et d’une translation combinées, c’est-a- 
dire que nous mettons un complexe a+ da dont Il’unité imaginaire a 
est telle que a?=yu+va, ce qui analytiquement exprime le concept 
géométrique que nous venons de dire. Quand 


1 Le mot polygine était introduit par E. Kasner. Voyez son premier papier: A new 
theory of polygenic or nonmonogenic functions, Science, vol. 66 (1927), pp. 581-582. 

2 Sobre las funciones de una variable compleja hiperbdlica, Contribucién al Estudio 
de las Ciencias Ffsicomatematicas, vol. 1, estudio 2%, 1935. J. C. Vignaux, Sobre la 
teoria de fonciones poligenas de una y varias variables complejas duales, ibid., estudio 3*. 


586 P. F. CAPELLI [August 


vy=0, —1 nous avons le complexe ordinaire, 

v=0, u=1, nous avons le complexe hyperbolique, 

v=0, »=0, nous avons le complexe duel. 

Alors on définit ainsi les opérations fondamentales: Egalité et addi- 
tion comme dans le cas du variable complexe ordinaire. Produit 


(a, b) X (a’, b’) = (aa’ + pbb’, a’b + ab’ + vbbd’). 


Dans ce champ on pourrait entendre que le nombre yp joue le réle 
de dilatation (puisque si y=0, on passe des complexes connus aux com- 
plexes généraux en multipliant par pu) et v joue le réle de rotation 
puisque il transporte le point correspondant au carré de l’unité imagi- 
naire du champ réel au complexe. 

Les propriétés de ce champ sont caracterisées par le déterminant 


vee 


—4 


Selon que A<0, A=0, A>0 nous avons les complexes elliptiques, 
paraboliques ou hyperboliques, avec l’intéressante propriété que, 
avec un changement d’unités, ces champs peuvent étre transformés 
respectivement en d’autres ayant la nouvelle unité a?= —1, 01. 

Géométriquement ce changement d’unités signifie une rotation de 
l’axe y de sorte qu’il forme avec l’axe x un angle w donné par tg w 
= —2/v et les formules de passage sont pour les champs elliptiques et 
hyperboliques x=x’+ pry’, y= —2py’; et pour le champ parabolique 


p étant une constante qui dépend du champ. 
Nous introduisons le concept de distance binaire qu’on exprime pour 
un complexe a+ba 4 l’égard de l’origine des coordonnées 


(1) (| a? + vab — pb?| )*/2. 


Cette forme est invariable 4 l’égard des mouvements de la géo- 
métrie qui correspond 4 ces complexes et elle est aussi égale 4 la 
racine carrée du produit de deux complexes symétriques que nous 
définissons de la fagon suivante: a+ba, (a+vb)—ba. 

Cette formule (1) nous permet d’introduire le concept de module, 
de maniére qu’on peut conserver la loi du module du produit des 
complexes, comme nous allons voir en introduisant l’expression tri- 
gonométrique des nombres de ce champ. 


vb by’ 
= by’, 
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A ce propos nous introduisons le concept généralisé de fonctions 
trigonométriques, avec la définition suivante. 


J 


tgw = — 2/y 


Nous considérons une conique avec centre, une ellipse pour le champ 
complexe ordinaire, une paire de droites paralléles pour le champ com- 
plexe parabolique et une hyperbole pour le champ complexe hyper- 
bolique référées aux axes indiquées dans la figure. 

En suivant la définition classique nous appellerons argument ¢ 
l’aire déterminée par la conique comme indiqué dans la figure, et 
nous appellerons sin o (cos a) l’ordonnée (abcisse) du point de la 
conique déterminé par l’intersection avec le rayon vecteur et tg ¢ 
le quotient du sin ¢ et cos gc. 

On déduit 4 l’égard de ces définitions, entre autres, les formules 
suivantes: 


sin (01 + o2) = cos Sin o2 + COS o2 Sin + Sin oj SiN a2, 
cos + = cos CoS o2 + w Sin Sin ae, 
sin (— o;) = — sin oj, cos (— ¢) = coso + rsing, 


tg o1 + tg oo + tg oi tg 


tg (01 + o2) = 
1 + tg tg on 


cos? + ycoso sine — psin?o = 1. 


Tel 
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Ces formules contiennent comme cas particuliers les formules trigo- 
nométriques circulaires, hyperboliques et le duel introduit par le Dr. 
Vignaux. 

En outre on trouve une généralisation des formules d’Euler: 

ew — — pe" 


sino = ————— ; cos ¢ = 
2a—yp 


Nous pouvons exprimer, maintenant, le nombre complexe binaire 
en forme trigonométrique p(cos ¢+a sin a) et on conserve dans cette 
formule les lois du produit, quotient, la formule de Moivre, et cetera. 

Comme résultat de la définition de distance, on étend immédiate- 
ment le concept de voisinage, qui devient une ellipse, une paire de 
droites paralléles ou une hyperbole dont le centre est le point donné, 
respectivement, pour les champs complexe elliptique, parabolique ou 
hyperbolique. 

Il est trés important de remarquer que les asymptotes de ces 
coniques qui déterminent le voisinage du point zéro sont le lieu 
géométrique des diviseurs de zéro; ensuite de notre point de vue 
général les complexes elliptiques ont aussi des diviseurs de zéro, mais 
situés sur deux droites de pente imaginaire, qui sont les asymptotes 
imaginaires de l’ellipse. 

Si le voisinage est congu de cette fagon, nous avons alors d’autres 
considérations que nous exprimons tout de suite. 

Quand le rayon s’approche 4 zéro, la conique tend 4 se confondre 
avec ses asymptotes. Cette circonstance ainsi que celle oi les diviseurs 
de zéro occupent les asymptotes, c’est-a-dire que la distance binaire 
entre ses points quelconques est zéro, donnent lieu 4 un intéressant 
concept de point, en le concevant comme un systéme formé par un 
point dans le sens ordinaire et la paire de droites paralléles aux droites 
isotropes (droites des diviseurs de zéro) du champ, qui passent par ce 
point. 

De cette fagon nous obtiendrons une image géométrique des points 
que nous appellerons point elliptique, point parabolique et point hyper- 
bolique, selon le cas. 

Nous considerons deux plans, I’un supérieur et l’autre inférieur, 
que nous imaginons unis comme des plans ponctuels, mais non pas 
comme des plans réglés, en exceptant une direction. 

Alors le point elliptique sera répresenté par un point et la paire de 
droites paralléles aux droites isotropes qui passent par ce point dans 
le plan inférieur; le point parabolique sera répresenté par un point et 
la paire de droites coincidentes selon la direction commune aux plans; 
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et point hyperbolique sera le point et les droites paralléles aux isotropes 
qui passent par ce point dans le plan supérieur. 

De cette facon le plan inférieur contient les droites imaginaires et le 
supérieur les droites réelles. 

En outre on peut passer, par continuité, en tournant autour d’un 
point, du plan supérieur 4 l’inférieur et réciproquement. 

A ce passage géométrique continu on fait correspondre la variation 
continue du déterminant du champ, A=v?+-4y, de valeurs positives 4 
negatives. 


II. FONCTIONS POLYGENES DE VARIABLE COMPLEXE BINAIRE 


Les concepts de variable complexe, fonction, limite et continuité 
sont les classiques. 


Dérivé radial. Soit la fonction de variable complexe binaire 
w=f(z)=u(xy)+v(xy)a o1 sz=x+ya (a?=p"+va) et considérons le 
rapport [f(z) —f(z0)]/[z—zo] avec z et zo points d’un domaine D de 
la fonction, avec 2 fixe et 2 variable de telle fagon qu’il n’appartient 
pas aux droites isotropes qui passent par 2p. 

Aussi nous avons 


f(z) — = Aw = Au + Av-a, 2—% = Az =Ax+Ay-a 
et 


Aw Au+Av-a 
as 
Si les fonctions u et v sont différentielles dans le sens de Stolz- 
Fréchet il en résulte 
Ou Ou 


Au = — Ax + — Ay + eAx + erAy, 
Ox oy 


Av 


ov Ov 
— Ax + —Ay+ + ef Ay, 
Ox oy 


€1, €2, €1, €g étant infiniment petits avec Ay et Ax. 
Substituant en (1), divisant par Ax et passant au limite par | Az| —0 


ona 
Ou ov Ou ov 
+ a} + a 
dw Ox Ox oy oy 
(2) ( = =X+YVa 
a3) » 1+ na 


ou Ay/Ax =n; expression que définit le dérivé radial selon la direc- 
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tion m. On doit exclure les directions (v+m)/2u qui correspondent 
aux droites des diviseurs de zéro. 


Conditions de monogénéité. La fonction w sera monogéne dans un 
point quand le dérivé est égal pour une direction quelconque. Nous 
pouvons trouver les conditions de monogénéité en applicant le théo- 
réme suivant. L’expression (A+Bn)/(C+Dn), avec A, B, Cet D 
complexes binaires et m un paramétre réel, est indépendante de 
quand 


AD = BC, 
tandis que C et D ne sont pas des diviseurs de zéro et m ne prennent 


pas deux valeurs qui fassent le dénominateur diviseur de zéro. 
En applicant ce théoréme 4 notre expression (2) ot 


Ou ov Ou Ov 
A =—+—a, B=—+—a, C = 1, D=a 
Ox Ox oy oy 
il résulte, excepté les valeurs de »=(v+m)/2y, que la condition 
nécessaire et suffisante pour que dw/dz soit indépendante de n est 


que 
Ou dv Ou dv 
Ox Ox oy Oy 
qui exige 
Ou dv dv Ou dv 
Ox oy Ox oy Ox 


Ces conditions de monogénéité contiennent comme cas particu- 
liers ces conditions de monogénéité pour les fonctions de variable 
complexe ordinaire, hyperbolique et duel. 

En effet, quand 

v=0, —1, 0u/dx=d00/dy et —Ou/dy, 
v=0, du/dx=d0/dy et dv/dx=du/dy, 
v=0, du/dx=00/dy et du/dy=0. 
En admettant I’existence des dérivées seconds de u et 2, et si les 


théorémes de permutabilité de la dérivation tiennent, on trouve les 
relations 


Oy’ Ox? Oy? Ox? Oxdy 
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équations qui contiennent comme cas particuliers celles de Laplace 
et celles déja connues pour les variables complexes hyperboliques et 
duels. 

Il en résulte, en outre, que la fonction holomorphe reste déterminée 
par ses valeurs de contour comme on démontre dans un travail pu- 
blié. 


Interprétation géométrique de le dérivé radial. L’expression de 
le dérivé radial 
ov )+ ) 
by Oy. 


(3) =) - 


ou Ay/Ax=n, admet une interprétation géométrique simple et 
intéressante. En effet, de la (3) il résulte 
Us + muy + muy + muy — — 


x= 
mv — 


(4) 


V2 + — mu, — muyu 


Y= 

mv 
Si nous représentons les variables z=x+ya, w=u+va dans deux 
plans respectivement et si nous adoptons un troisiéme plan pour re- 


présenter 
dw 
(=) = X+ Ya, 
dz /, 


a chaque point z de 2 correspond un point wo de w, tandis que 
pour le plan de dw/dz il résulte des infinis points correspondants aux 
infinies valeurs que peuve prendre n.* 

Nous allons montrer maintenant que ces points déterminent une 
conique. 

En effet, les relations (4) peuvent s’écrire 


Uz + ne 1 Uz + 

tz +n n Vz + 
1 ny 1 

nN 1+ nv n 1+ my 


d’oi il résulte que X et Y sont les racines du systéme. 


3 Kasner, A complete characterization of the derivative of a polygenic function, Pro- 
ceedings of the National Academy of Sciences, vol. 22 (1936), pp. 172-177. 
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X + mpY = uz + nty, nX + (1+ m)V = 0, + vy. 


Pour chaque valeur de 1, la solution de ce systéme représente un 
point du plan et nous obtiendrons le lieu géométrique en faisant dis- 
paraitre nm entre les deux. Alors il résulte que 


(5) X? — p¥Y? + AY — BX + »XY+C =0, 
qui est la conique cherchée, avec 
oy Ou ov Ou Ov 
oy ox Ox Ox oy 


On a pour 
v?+4y>0, la (5) est type hyperbole, 
v?+4y =0, la (5) est type parabole, 
v?+4u <0, la (5) est type ellipse. 
En particulier pour y=0, »= —1, la (5) donne 


(6) (X — Ay) + (¥ — Bi) = Ri 


1 {ou ov 1 / dv Ou 
A=—(—+—); Bi=—(—-—); 
2 oy 2 \ox oy 


1 ou dv \? ov 
4 Ox oy Ox Oy 


qui est le cercle de Kasner.* Pour v=0, up =1, la (5) donne 


avec 


‘ ~( +=) B +=) 


2 Ou dv \? ou dv\? 
+ Ox oy oy Ox 


qui est la hyperbole dérivée. Pour v=0, » =0, la (5) donne 


avec 


w 


* Kasner and De Cicco, The derivative circular congruence-representation of a poly- 
genic function, American Journal of Mathematics, vol. 61 (1939), pp. 995-1003. 


ou dv ou dv 
Ox Oy Oy Ox 
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Ou Ou dv ou ov Ou dv 
oy Ox oy Ox Oy Oy Ox 


qui est l’équation de la parabole dérivée. 


Considérations géométriques sur les coniques dérivées. On con- 


state facilemente que les points 
ou 1 ou 
Ox Oy 


Ou dav 
M\{—>, —}, 
Ox dy 

dv = ov dv y Ou 1 Ou 

P| —- — —}, —  ——}, 

oy Ox Ox Oy Oy Oy 
situés dans les sommets d’un trapéze rectangle appartient 4 la conique 
dérivée avec la notable propriété que le point M est indépendant du 
champ élu. 

Quand le déterminant A du champ complexe varie avec continuité, 
la conique passe par déformation continuelle d’hyperbole et d’ellipse en 
parabole, avec la caractéristique que le point M demeure invariable. 

La conique dérivée est générée par les faisceaux de droites 


1 1 / Ou ou 
y= 
Ny \ Ox oy 


y n x 1 dv ov ) 
1 + my oy 
qui passent par les points P et N. 

De plus on prouve que la conique est projective avec le faisceau 
selon lequel on détermine les dérivées radiaux. 

Il est notable d’observer qu’il existe une ressemblance entre la 
figure du voisinage et la conique dérivée, de telle fagon que 4 voisinage 
elliptique, paire de droites paralléles et voisinage hyperbole, une 
ellipse, une parabole et une hyperbole correspondent respectivement 
comme conique dérivée. 

D’autre part, les équations (6), (7) et (8), quand on remplit les 
conditions de monogénéité, se transforment en paires de droites 
(imaginaires dans le champ complexe elliptique), dont l’interception 
est le dérivé holomorph dans le sens ordinaire. 

A ce point de vue il existent infinis dérivés pour la fonction 
holomorphe, données par le point d’interception des droites (dérivé 
holomorph dans le sens ordinaire), et les infinies valeurs qui cor- 
respondent aux directions isotropes. 

Cette interprétation est en parfaite harmonie avec le concept de 
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point généralisé que nous venons d’exposer ; de maniére que nous pou- 
vons dire encore que le dérivé holomorph d’une fonction de variable 
complexe binaire est un point elliptique pour la variable complexe 
ordinaire, un point parabolique pour le champ complexe parabolique 
et un point hyperbolique pour le champ complexe hyperbolique. 

De la méme facon la conique dérivée pour la fonction polygéne est 
formée par points elliptiques, paraboliques et hyperboliques, selon le 
cas. 

Quand on accomplit les conditions de monogénéité, la conique se 
déforme comme nous avons déja dit, de maniére que les points 
généralisés se transforment dans le point généralisé correspondant 4 
le dérivé unique. 

Remarque. Nous faisons noter que dans le champ complexe plus 
général de deux dimensions aa,+baz telle que a7 = 03 = 
+ = = 1301 +7302, formellement, il résulte pour les fonc- 
tions polygénes du variable de ce champ la conique suivante 


Mi He Mi Vi 
X? + y?+ XY 
He Ve M3 V3 Hs V3 
| Me Vy Vo Uy | 
| pe Ve U Ue Us 
Hs Vy V3 Uy Uy Vy 


qui contient toutes les antérieures comme des cas particuliers. 

Je me limite 4 ces résultats fondamentaux des fonctions polygénes 
du nombre binaire, pour ne pas m’étendre trop sur cela, mais je vais 
indiquer seulement quelques résultats, sans démonstration pour ne 
pas entrer en détails. 


Représentation conforme. Nous définissons la représentation con- 
forme dans le champ binaire général comme étant une correspondance 
biunivoque qui conservent les arguments précédemment définis, c’est- 
a-dire, dans le sens de conservation d’aire. Nous démontrons que dans 
le champ complexe général on conserve la relation fondamentale entre 
I’holomorphisme et la représentation conforme, c’est-a-dire, que toute 
fonction holomorphe conserve les arguments. 


Fonction linéaire (de Moebius). Nous faisons l’étude analogue 
au classique sur la fonction w=(az+b)/(cz+d) démontrant que le 
résultat classique de la conservation de circonférences subsiste dans le 
champ général. 
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Or, nous démontrons que la fonction linéaire change la conique en 
conique (hyperboles dans le champ complexe hyperbolique; droites 
dans le champ parabolique et ellipses dans le champ elliptique) et 
réciproquement (données deux coniques il existe une fonction linéaire 
qui les fait correspondre)—a la condition que ces coniques soient 
homo-asymptotiques et des asymptotes paralléles aux droites iso- 
tropes. 

Cette restriction apparente n’existe pas, parce que dans le champ 
classique toutes les circonférences sont homo-asymptotiques. 

J'ai étudié également quelques autres sujets ayant rapport avec la 
fonction linéaire. 


BuENOs ArrEs, ARGENTINA 


— 


CREMONA INVOLUTIONS DETERMINED BY 
TWO LINE CONGRUENCES 


EDWIN J. PURCELL 


1. Introduction. Recently, in this Bulletin,’ we discussed a multiple 
null-correspondence formed by two line congruences. The first con- 
gruence consisted in the lines intersecting a fixed twisted curve of 
order m and also its (m—1)-secant d, and the second congruence con- 
sisted in the lines intersecting another twisted curve 6,’ , of order n, 
and its (n—1)-secant d’. 

When m=2, the first curve is a conic c having one point on d; a 
series of space Cremona involutions may now be defined as follows: 

A generic point P determines a ray p; of the first congruence and a 
ray p’ of the second congruence. In the null-plane of P, formed by pi 
and p’, lies another ray pz of the first congruence which intersects p’ 
in P’, the correspondent of P in the involution. 


2. The defining curves in general position. Let the equations of d 
be x1; =0, x, =0; and those of d’ be x3=0, x,=0. Let the parametric 
equations of cz and of 6,’ be, respectively, 


1 = 1 = fils, 
= MA = F,(s, t), 


n—1 

x3 =I] (tis — st)(as + 
1 
n—1 

= = II (t:s — sjt)(cs + db), 
1 


where s;, f; are the values of the parameters of 6,’ at the n—1 points 
on d’. 
Then the equations of the involution are 


= (x2 — — wf)’, 

— xef)L, 

x3{ (xe — x3)(xiF — xef)(F — kHx2) + (kHx, — f)L}, 

(xe — — xeof)(F — kHx2) + (kHx — f)L}, 
where f=f,(dx3—bxi, axs—cx3), k=(ad—bc), F=F,(dx3—bxs, 


x 


1 
2 
3 
4 


1E. J. Purcell, A multiple null-correspondence and a space Cremona involution of 
order 2n—1, this Bulletin, vol. 46 (1940), pp. 339-344. 
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ax,—cxs), (ssc+-tid) x3 —(ssa+tib) x4}, L = (x2 — maf) 
— — x2) (RH — RH x2x3+ Fx3— Fx, —fxs+fxs) —kHx2). 

The order of the involution is 2n+3, where n is any integer. The 
fundamental system and its principal images follow. 

Line d is a simple F-line of simple contact. The fixed tangent plane 
to all the homaloids is x,=0, which is the plane through d tangent 
to ¢. d is of the first species and its P-surface is a ruled surface, 
x1F—xf=0, of order n+1 formed by the rays of the second con- 
gruence which intersect d. Each such ray goes over into its point of 
intersection with d. On this P-surface, d is a simple directrix line, 
5,, is a simple directrix curve, and d’ is an n-fold directrix line. 

Line d’ is a 2n-fold F-line without contact. It is of the first 
species. Its P-surface is of order 2n+2, whose equation is 
(x2—x3) (x1 F On this P-surface d 
is a simple line, d’ is a (2n—1)-fold line, cz is a simple conic, and 6,7 
is a double curve; by their intersections with these curves, all the 
F-lines of second species have more than 2”+2 points on the P-sur- 
face and therefore lie entirely on this surface. 

Conic ¢@ is a simple F-conic without contact. It is of the first species 
and has for P-surface the ruled surface of order 2n+2 formed by the 
rays of the second congruence which intersect cz. Each such ray goes 
over into its point of intersection with c.. On this P-surface cz is a 
simple directrix curve, 5, is a double directrix curve, and d’ is a 2n- 
fold directrix curve. 

Curve 6, is a double F-curve without contact. It is of the first 
species and has for P-surface (x2—43)(x1F —fL =0, which is of 
order 2n+2. On this P-surface d is a simple line, d’ is a 2n-fold line, 
¢2 is a simple conic, and 6, is a simple curve. Since x; =0 is tangent to 
this surface along d, all the F-lines of second species lie on this P-sur- 
face. 

The first is a (1, 2) congruence and the second is a (1, 2) congruence. 
There are thus 2x+1 common rays of both congruences. Each is a 
simple F-line of simple contact and is of the second species. The con- 
tact along these lines is torsal—that is, while all the homaloids have 
the same fixed tangent plane at a particular point on the line, the 
fixed tangent plane turns as this point moves along the line. 

In the plane of cz are m rays of the second congruence. Each is a 
simple F-line without contact and is of the second species. 

The fixed tangent plane, through d, to all the homaloids contains 
rays of the second congruence. Each is a simple F-line without con- 
tact and is of the second species. 

The locus of invariant points is a surface = of order n+3. Its equa- 
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tion is x:L —x2(x2—xs) (x1 F —x2f) =0. On this surface d is a double line, 
da’ is an n-fold line, cz is a simple conic, and 6,/ is a simple curve. 

An alternate definition of the same involution employs this sur- 
face =. A generic point P determines a ray p’ intersecting d’ once and 
5,’ once. Ray p’ has with 2 two intersections, a and 8, not on d’ or 6,’. 
We define P’, the correspondent of P in the involution, to be the 
harmonic conjugate of P with respect to a and 8B. 

3. Lower order for d’ in special position. Any plane through d’ in- 
tersects 6, in one point Z not on d’. 

If d’ lies in the plane of c2, this plane will contain such a point Z. 
Any line in the plane of ¢ passing through Z is a ray of the second con- 
gruence. Each such line intersects d’ once, 5, once, and cz twice. It 
has 2n+4 intersections with every homaloid and therefore lies on 
every homaloid. The totality of these lines is the plane of cz which, 
being part of every homaloid, reduces the order of the involution by 
one. 

The fundamental system is modified and the locus of invariant 
points is a surface of order n+2 on which d’ is an (m—1)-fold line, 
d is a double line, and 6,’ is a simple curve. 

If the fixed tangent plane along d to all the homaloids contains d’, 
every line on it passing through Z will lie on every homaloid. This 
plane will factor from the equations of the involution and their order 
will be one lower than in the general case. 

Here the locus of invariant points is a surface, 2, of order n+2 on 
which d’ is an (n—1)-fold line, 6,’ is a simple curve, @ is a simple 
conic; but d does not lie on 2. 


4. The defining curves on one quadric surface. Let d, d’, cz, and 
5,, lie on the same quadric surface, d and d’ being generators of the 
same system. Since cz intersects d once, it intersects d’ once. 5, has 
n—1 points A/ on d’ and therefore n—1 points A; on d. It follows 
that cz and 6, intersect in points. Every generator of the other sys- 
tem intersects d, d’, c2., and 6,’, each once and thus has 1+2”+1+2 
= 2n-+4 intersections with every homaloid. Their locus is the quadric 
surface which is thus a part of every homaloid and factors from the 
equations of the involution, reducing the order by two. The involu- 
tion in this case is of order 2n+1. 

If the quadric surface is x1%3—x2x,=0; d is x1 =0, x2 =0; d’ is x3=0, 
x,=0; and the parametric equations of c: and 6,’ are, respectively, 


2n—2 


(ts — sf)K(cs + dt), 
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2n—2 


x2 = — s)K(as + bd), 


n—1 


Nu, = II (tis s)(as + bi), 
1 


n—1 
= p’, = II (tis — s#)(cs + dt), 
1 


then the equations of the involution are 

ai = KW(Hx, — — x2%4), 
— %3)(x1%3 — 4224), 
x3(Hx, — KWx,)(KWx, — Hx:2), 
= x(Hx, — KWxs)(KWx, — H22), 


xg 


xe 


where K is a constant, H is as in §2, and 


W { (sje + — + a}. 


In this involution, d is a simple F-line without contact. It is of the 
first species and its P-surface is x1x3—x2x,=0. 

d’ is a (2n—1)-fold F-line without contact. It is of the first species 
and its P-surface is K Wx,:—Hx.=0. 

6, is a simple F-curve of order n, of the first species, whose P-sur- 
face is x,=0. 

A;, (j=n, n+1,--+-, 2n—2), the intersections of 6,’ and d, are 
isolated double F-points. Their P-surfaces are, respectively, (s jc-+#jd)xs 
—(sa+tjb)x,=0. 

D,, De, - - - , Da, the m intersections of cz and 5,’ , are isolated double 
F-points. The P-surface of each D; is the plane of that D; and d’. 

Point R(0100), the intersection of c and d’, is a 2n-fold isolated 
F-point. Its P-surface is Hxij— K Wx,=0. 

The F-curves of second species are as follows: 

Lines RA;, (j=, n+1,---, 2n—2), are simple F-lines of simple 
contact. 

Lines RD;, (¢=1, 2,- +--+, ), are simple F-lines without contact. 

Through each D; there passes a single line intersecting both d and 
d’. Each is a simple F-line without contact. 

The plane of R and d, x;=0, intersects the quadric surface in two 
lines, d and RS. x,;=0 intersects 6,’ in m points, n—1 of which are 
the A;, (j=, n+1,---, 2n—2), on d, and the remaining poin,. is 
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on RS. Thus RS has 2n points of intersection with every homaloid 
at R, one at 6,’, and one at d. Line RS is a simple F-line without con- 
tact. 

Since Q(1000) lies on d’, it is a (2n—1)-fold point. But at Q, n—1 
sheets of every homaloid have contact with the n—1 planes, W=0, 
through Q. The planes W =O intersect din A;, (j=n,n-+-1, - --,2n—2). 
Each line QA; has 2n points of intersection with every homaloid at Q 
and two at A;. Lines QA; are simple F-lines without contact. 

The locus of invariant points is 2, a surface whose equation is 
Kx,W(x1—3) =0. is of order n+1 and contains 
d’ as (n—1)-fold line without contact. d is a simple line on 2, but 
neither 6, nor cz is on this surface. The alternate definition for this 
involution is: a generic point P determines a ray p’ intersecting d’ 
once and 6, once. Ray p’ intersects = n—1 times on d’, and in two 
other points, a and £8, not on d’. P’, the correspondent on P in the 
involution, is the harmonic conjugate of P with respect to a and £. 


5. The second congruence consists in the bisecants of a space cubic 
curve. We now consider the involution of order 9 that results when 
the second congruence consists in the bisecants of a twisted cubic 
curve, 

Let d be x1=0, x2=0. Let be x1=X?, x2=Ap, x3=A?2, =p?. Let 
the space cubic curve g3 be x1 =0°, x2=1*, x3=o7T?, Then the 
equations of the involution are 


xy = (x; — x3)(C* — AB)’, 


xg = (C?— AB)N, 
xy = (x, — x3)A2(C? — AB) — BCN, 


x4 = BN — (x1 —_ x3)AC(C? = AB), 


where B=xi—xixs, and N=x3x2—23x3 
— 

The order of this involution is 9. 

In this involution, d is a simple F-line of simple contact. It is of 
the first species and its P-surface, C?-—AB=0, is a ruled surface of 
order 4 consisting in the rays of the second congruence that inter- 
sect d. Each such ray goes over into its point of intersection with d. 

C. is a simple F-conic of the first species whose P-surface is ruled 
and of order 8, being formed by the rays of the second congruence 
that intersect Ce. 
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q3 is a fourfold F-cubic without contact. It is of the first species 
and its P-surface is of order 8. 

Since the first congruence is of order 1 and class 2 and the second 
congruence is of order 1 and class 3, there are 7 common rays of both 
congruences. Each such ray intersects every homaloid 4 times at each 
of its two intersections with g3, once on d, and once on @. Thus the 
seven common rays of both congruences lie on every homaloid. They 
are simple F-lines of simple contact. 

The fixed tangent plane, x:=0, through d intersects g3 in three 
points in general. The three lines joining these points two and two 
are rays of the second congruence lying in x; =0. Each such ray inter- 
sects every homaloid 4 times at each of its two points on gj and twice 
on d. These three lines are simple F-lines without contact and are of 
the second species. 

The plane of c: in general cuts gj in three points. There are thus 
three rays of the second congruence which cut c twice. They are 
simple F-lines without contact and are of the second species. 

the locus of invariant points, is —x2(x1—x3)(C?—AB) =0. 
This surface is of order 6 and contains g3 as a double cubic curve. 
dis a double line and ¢ is a simple conic on 2. 

Using this surface, we may define our involution: a generic point P 
determines a bisecant p’ of the cubic curve gj. Ray p’ intersects 2 
in two points, a, B, not on g3. P’, the correspondent of P, is the har- 
monic conjugate of P with respect to a and £. 

When d, c2, and g3 lie on the same quadric surface, with d inter- 
secting g3 in one point, all the generators of the other system drop 
away and the order of the involution is lower by two. A discussion 
similar to that in §5 applies to this involution of order 7. 


UNIVERSITY OF ARIZONA 


RATIONAL APPROXIMATIONS TO IRRATIONALS 
ALEXANDER OPPENHEIM 


It is well known that if p/g is a convergent to the irrational number 
x, then |x—p/q| <1/q?. The immediate converse is of course false but 
I have not seen in the literature! any statement of the converse which 
is given below. 


THEOREM 1. If p and q are coprime, q>0, and if |x—p/q| <1/q?, 
then necessarily p/q is one of the three (irreducible) fractions 


where p''/q'', p'/q’ are two consecutive convergents to the irrational x. 
One at least of the two fractions (p' +-ep’’)/(q' +€q"’) where e= +1 satis- 
fies the inequality. 


In other words if the inequality is satisfied, then 
b/q = , dnt, On c=0, +1, 


where [a;, a2, ---,a@,,--- is the infinite simple continued frac- 
tion for x, so that the a; are integers, a;=1 (#22). 
Suppose that x—p/q=€0/q?, 0<@<1, e= +1. Let 


b/4q be, ---, bn], = be, bmi], 


where m (which we can choose to be odd or even) is taken so that 
(—1)"-'=«. Defining y by the equation 


= [bi, be, bm = (yp + 9), 


we obtain «=q?(x—p/q)=(p'¢—pq’)q/(yg+q’); so that, since 
b'q—pq =(—1)"™"'=«, y+q'/q=1/8. 

Since 1/@>1 and q’/q<1 it follows that y>0. 

If y>1, then y=[Bnis, | ), and so 
x=[b;, be, bm, ], which, since the infinite simple con- 
tinued fraction is unique, shows that p/q=[b:,---, bn] is the mth 
convergent to x. If however y<1, then 1/y=[c, Dit, Dms2,-** | 
with c21. But g/q’=[bm, bn—s, ~~~ , b2] and therefore one of ¢ and 
b, must be unity for, if not, then 1/y>2, g/q’>2, y+q’/qg<1<1/0. 


! Editor’s note. In the meantime, R. M. Robinson has proved similar results in the 
Duke Mathematical Journal, vol. 7 (1940), pp. 354-359. Also the first part of Theo- 
rem 1 was observed by P. Fatou, Comptes Rendus de I’Académie des Sciences, Paris, 
vol. 139 (1904), pp. 1019-1021. 
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Hence x=[bi,---, bm—1, bm+c, ] and b;=a; (i¥m), 
but+c=dm. Thus p/g=[a1, a2,---, @m—1, bm] where or an—1. 
Consequently 

b/q oad (Pm—1 + Pm-2)/(Qm—1 + Dn 
or 
b/q = (Pm — Pm—1)/(Gm — Ym—1)s bn = Om — 1. 


The first part of the theorem is proved. 
Now let €= £1, being the mth 
convergent to x=[a:,---, Gn, Then 


x — p/q| =| — 1| (qn + + 
which, since | e| =1, x’>1, is less than unity if and only if 
€(x’ — gn/qn-1) < 2. 


But this inequality is certainly satisfied when € has the sign opposite 
to the sign of x’ —g,/gn-1. The second part of the theorem follows. 

Irreducible fractions p/q can be divided into three classes [o/e], 
[e/o], [o/o] in which o and e denote odd and even integers respec- 
tively. 

Since Pagn-1—Pn-1gn= +1 it is clear that consecutive conver- 
gents Pr_-1/dn-1, Pn/gn belong to two different classes and hence that 
(Put€Pn—1)/(Gn+€Gn-1) where «= +1 must belong to the remaining 
class of irreducible fractions. It follows from Theorem 1 that for 
any irrational x infinitely many fractions of each class exist such that 
|x—p/q|<1/q?. 

Theorem 1 in fact determines all such fractions. 

This result is due to Scott? who used the geometric properties of 
elliptic modular transformations. Scott also showed that the result 
is the best possible: for a given class and a fixed k, 0<k<1, irra- 
tionals exist, dense everywhere on the real axis, such that the inequality 
|x—p/q| <k/q? is satisfied by only a finite number of fractions in the 


given class. 
To prove the last statement it will be enough to show that, if 
x=[a1, d2,---, Gn,*-- | where the a, are even integers not less than 


2E+1, where E>1, then for every fraction of type [o/o], 
= q?|x— >1-1/E. 
If @>1, there is nothing to prove. If @<1, it follows from our theo- 


2 W. T. Scott, this Bulletin, vol. 46 (1940), pp. 124-129. 
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rem that (p/q being irreducible) 


P= Pat 9 = e= +1, 
for the convergents to x are all [e/o] or [o/e]. Write X= [an4:, 
Y=[@n, Gna, ++, G2). Then if 

XY +1 | XY +1 


> (E+ 1)?-— E?-2E+1>0, 
@>1-—1/E. 
If n=1, then p=fit+1, gq=q=1, 0=1—[0, a2, --- ]>1-1/E. 


RAFFLES COLLEGE, SINGAPORE 


MEASURABILITY AND DISTRIBUTIVITY IN THE 
THEORY OF LATTICES! 


M. F. SMILEY 


Introduction. Garrett Birkhoff? derived the following self-dual sym- 


metric condition that a metric lattice be distributive: 
(1) 2[u(aU BU c) — w(aN = w(a UB) — b) + (aU od) 
— plac) + c) — M0). 


In a previous note?’ the author introduced and discussed a generaliza- 
tion of Carathéodory’s notion of measurability’ with respect to an 
outer measure function y» which applies to arbitrary lattices L. The 
u-measurable elements form a subset L(u) consisting of those elements 
a€L which satisfy 


(2) u(a U b) + b) = + 
for every b€L. Closure properties of L(u) were investigated. In par- 


1 Presented to the Society, January 1, 1941. The author wishes to express his grati- 
tude to the referee for his valuable suggestions and comments. 

2 Lattice Theory, American Mathematical Society Colloquium Publications, vol. 
25, p. 81. We shall adopt the notation and terminology of this work and shall indicate 
specific references to it by B. 

3 A note on measure functions in a lattice, this Bulletin, vol. 46 (1940), pp. 239-241. 
We shall indicate references to this paper by M. 

* Vorlesungen iiber Reelle Funktionen, 2d edition, p. 246. 
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ticular, L(u) was shown to be a sublattice of L when L is modular. 
It is our purpose here to quantify the relation (1) so as to provide a 
second (less wide) generalization of measurability. As before we re- 
strict ourselves to modular lattices. A precise strengthening of (2) to 
yield (1) is first deduced. We then proceed to show that, at least for 
a positive functional yu, the same closure properties hold as before. We 
include an examination of the possibility of measurability of comple- 
ments of measurable elements. Here the influence of distributivity is 
most apparent; since, under suitable hypotheses, the only measurable 
elements with “measurable” complements are the measurable neutral 
elements. 

Our two important examples are metric lattices (B, p. 41) and the 
outer measure of Carathéodory. For the first of these we give, as an 
application of our method, new proofs of certain explicit and implicit 
results of V. Glivenko® concerning relations between distributivity 
and metric betweenness. 


1. Strongly measurable elements. Let us consider a modular lattice 
L with a least element OE L and a functional yu(a) defined on L. Note 
that we do not require that » be a modular functional. We define 
a subset L,(u) of strongly u-measurable elements as those elements 
a€L which satisfy (1) for every* L(u) and every cE L. 


Lema 1. Jf an element aCL is strongly u-measurable, then it is 
p-measurable. 


Proor. Take b>=OC L(y) in (1) and the result is (2) with b=c. 
A precise relation between strong measurability and distributivity 
is given in the following theorem. 


THEOREM 1. An element a€L is strongly u-measurable if and only 
if it is p-measurable and p(al\(bUc)) (al\c)) for every 
bEL(u) and every cEL. 


Proor. We base our proof on the one of Birkhoff (B, p. 81). First 
let aE L,(u), and consider elements L(y), cE L. By Lemma 1, 
a€L(u); and using (1) and (2) we obtain 


5 Contributions aI’ étude des systémes de choses normées, American Journal of Mathe- 
matics, vol. 59 (1937), pp. 941-956, and Géométrie des systémes de choses normées, 
ibid., vol. 58 (1936), pp. 799-828. 

6 The quantification “for every b,cEL” would force O €L.(u) or would make 
L,(u) empty except in the case L= L(x). To see this take a=O in (1). Cf. the relations 
(a, b)D and (a)D of von Neumann's Lectures on Continuous Geometry, Princeton, 
1935-1936, p. 38 ff. 
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2[u(a) + — (6U — bM 
(3) = p(aU — w(a 1b) + (aU 0) 
Since b€ L(y), expansion of the right member of (3) yields 
(4) 2[— (6U 0) — = — b) — 
It follows that 
(5) (6U = wa b) + (aN — 


Now L(y) is a sublattice of L (Theorem 1, M), hence abE L(y), and 
we have 


(6) (6U = b) U (a 0). 


To establish the converse, let a€ L(x) and consider elements bE L(y), 
cEL. It is easy to retrace our steps through the equations (6)—(3) and 
thus obtain (1). This completes the proof. 

Remark. By duality we may phrase the criterion of Theorem 1 as 
(00 =n for every bE L(u) and every cEL. 

Remark. It is known that an element a of a modular lattice is neu- 
tral if and only if the correspondences x—x\Va and x—>x/\a preserve 
the lattice operations (B, p. 59). The referee has pointed out the fact 
that a€L,(uz) if and only if these correspondences preserve measura- 
bility in the following sense. Define u+(x) ur (x) 
Then aCL,(u) if and only if aE L(u) and yEL(ut), yEL(uz) for 
every yEL(u). To see this let aE L,(u). By Lemma 1, aE L(u). Con- 
sider an element yCL(u). By Theorem 1 (M), aUyCL(u) and hence 
we have for every xEL that 


Using the preceding Remark, since a€L,(u), yEL(u), we find that 
(*) y)) + (2 y)) = U x) + (a9). 


This means that yCL(u-+). Dually ye L(ur). Conversely, if aE L(y), 
y€L(u), and the equation (*) and its dual (which is equation (5)) 
are true, that is, if ye L(us+) and yEL(uz), then aE L,(u) by the argu- 
ment used in establishing the converse of Theorem 1. 


2. Examples. (1) Let ZL; be the lattice of all subsets of a set S and 
#1 be an outer measure function (in the sense of Carathéodory’) de- 


7 Op. cit., p. 238. 
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fined on Z;. Here the auxiliary condition of Theorem 1 is automati- 
cally satisfied since L; is distributive. Hence Li,(u1) =Li(y1) in this 
case. But we have shown (M, p. 239) that L;(u:) consists of the sub- 
sets of S measurable (in Carathéodory’s sense) with respect to 1. 
Thus strong y-measurability, though more restrictive than u-measura- 
bility, still includes the ordinary idea of measurable set. 

(2) Let Lz be a metric lattice (in the sense of G. Birkhoff, B, p. 41) 
and pz its modular functional. Then, since pz is modular, L2(u2) = Le; 
that is, all elements of Zz are u.-measurable. By Theorem 1, each 
neutral element of Lz is strongly y2-measurable. Conversely each 
strongly u2-measurable element must be neutral. For the criterion of 
Theorem 1, the fact that a7\(bUc) 2 (a7Mb)U (alc), and the sharply 
positive character of wz imply that aM\(bUc)=(aN\b)U(aN\c) for 
every b, cE L, and dually. 

Remark. For our second example the condition (1) holds as an in- 
equality, the left-hand side being smaller.* We see this easily by re- 
calling that (6) holds as an inequality, and by proceeding as in the 
proof of the converse of Theorem 1. It is interesting to note also that 
if a lattice L has an O and an J the condition (1) cannot hold as an 
inequality (for every a, cE L and every bE L(y)) unless L= L(y), that 
is, unless u is a modular functional. To see this take b>=OC L(y) in (1) 
and obtain 


Then take b5=ZJEL(uz) in (1) and the inequality sign is reversed. 
Thus (2) holds with 5 replaced by c for every a, cE L; consequently u 
is a modular functional. 


3. Strongly measurable elements a sublattice. The closure of L,(u) 
with respect to the lattice operations a/\b and a\V6 will be established 
for positive functionals yu. 


THEOREM 2. If u is a positive functional, then L,(u) is a sublattice 
of L. 


ProoF. Let a;, a2€ L,(u), and consider elements bE L(y), cE L. It 
clearly suffices by duality, Lemma 1, Theorem 1 (M), and Theorem 1 
to show that 

a2) c)) = 6) U (a, 1 a2 


We always have 2 a2 Vb) U =y, 
and hence u(x) 2u(y). The reverse inequality may be proved thus: 


8 This was noted by the referee. 
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u(x) = w(ax) + (6U — U (a2 (6 U 
= w(ai) + w((a2 6) U (a2 — U (a2 (6 U 
< + w((a2 U (a2 — U (a2 U (a2 


((a2 U (a2 = wy). 


The proof is complete. The author has been unable to decide the ques- 
tion of whether Theorem 2 remains true when the hypothesis that u 
be positive is suppressed. 

Let N(L)CL denote the sublattice of neutral elements of L. Then 
we have L(u) DL.(u) D N(L) - L(u). Examples will be given where each 
of these inequalities is strict. For the first, Example (2) of §2 will 
suffice; while a simple example, to be given in §5, settles the second. 


4. Monotone sequences of elements of L,(u). The closure proper- 
ties of L;(u) with respect to (0)-limits of monotone denumerable se- 
quences can easily be related (as for L(u)) to continuity properties of 
the functional yp. We first restate the following definition (cf. M). 


DEFINITION. If for each sequence a; 1 a (a; | a) of elements of L(u) we 
have p(aiVb)—p (aU) and p(ai\b)— for every bEL, we say 
that (L, p) satisfies B+ (B-). 

THEOREM 3. If the functional p is positive, then a sufficient condition 
that (o)-limits of increasing (decreasing) sequences of elements of L,(u) 
which belong to L also belong to L,(u) ts that (L, mu) satisfy B+ (B-). 


Proor. Let (L, u) satisfy B+, and consider an increasing sequence 
of elements of L,(u): a; ? a€&L. By Lemma 1 and Theorem 2 (M) we 
know that a€ L(y). For every b€L(u) and every cEL we have, by 
Theorem 1, that 

= 6) + Oc) — 
On taking the limit as i and using B+ we get 


= b) U (a ¢)) 
for every b€L(u) and every cEL. Thus a€L,(u) by Theorem 1. The 
alternate reading is dual. The proof is complete. It is easy to formu- 


late a sufficient condition on (ZL, u) that the condition of Theorem 3 
be necessary as well as sufficient. 


5. Measurability of complements. In our Examples (1) and (2) of 


| 
| 
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§2 it is known that complements of strongly u-measurable elements 
are unique and strongly y-measurable.® This is not true in general. 
In fact, complements of strongly u-measurable elements may fail to 
be even yu-measurable. To see this, consider the simplest modular, 
non-distributive lattice Lo of five elements O, a, b, c, J, with O and I 
least and greatest elements, respectively. Define u(O)=0, u(J) =2, 
u(a) = 34, and =p(c) =. It is easily seen that a€ Lo,(u). However, 
it is obvious that neither b nor c (each a complement of a) belongs 
to Lo(u). In this direction we may prove the following theorem. 


THEOREM 4. If wis sharply positive, then a complement of a strongly 
p-measurable element is u-measurable if and only if it is unique, and 
then tt is itself strongly u-measurable. 


Proor. Consider an element a€L,(u) with a complement xC L(y). 
Suppose y is a second complement of a. By Theorem 1, 


(xU y)) = x) U y)) = uO). 


Since yp is sharply positive a(/\(x\Uy) =O, and it follows that xUy is 
a complement of a. But every complement z of a gives uw the same 
value; since, by (2), 


(7) + = w(a) + w(2). 


Thus p(xUy) =u (x) =u(y), and consequently, since is sharply posi- 
tive, x y=x=y. Hence x is unique. Conversely, let a’ be the unique 
complement of a. Then by Theorem 4.5 (B), a and a’ are neutral. To 
show that a’E L(y) (and hence that a’EL,(u)), consider an element 
bEL. Since, by Lemma 1, aC L(y), we have 


+ w(a’ = U B)) + 1B), 
u((aU a’) (aU + 
= p(aU b) + w(O). 


(8) 


Dually, 

(9) + w(a’ U = b) + 

Adding equations (8) and (9), using (2) and (7), we find that 
2u(a) + w(a’ U b) + b) = 2u(a) + w(a’) + 


This gives (2) with a=a’ at once. The proof is complete. We note 


® For example (1), see Carathéodory, op. cit., p. 248; while Birkhoff's Theorem 
4.5 (B, p. 59) covers Example (2); or see the remark which closes this section. 
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that no use was made of the sharply positive character of the func- 
tional yu in establishing the converse of this theorem. 

Remark. The converse of Theorem 4 shows that the complements 
of strongly u-measurable elements will be strongly u-measurable (and 
unique) whenever L,(u) consists entirely of neutral elements. This 
“explains” why this closure property holds in our Examples (1) and 


6. Relation to certain work of V. Glivenko. Let us now consider in 
more detail our Example (2) of §2. V. Glivenko obtained, among other 
results, a characterization of elements of the center (the comple- 
ménted neutral elements) of ZL; in terms of metric betweenness prop- 
erties.1! Examination of his work will show that the neutral elements 
themselves may be similarly characterized in the following way. 


LEMMA 2. An element u of a metric lattice L is neutral if and only 
if (a(\b)U (ul ts between a and b for every a, bEL. 


Proor. We give a separate proof based on the condition (1). Con- 
sider an element u€L for which the condition holds. For every a, 
bEL we have, setting 5(a, x)+8(x, 5) 
= 6(a, b), which becomes, in terms of p, 
(aU b))) — w((a 6) U (aM + (2 B))) 

— p((a\ b)U 4)) = &(a, 
Expansion of the left member gives 
+ + (aU b)) — u) — 2n(6 Mu) — 2p(a 
+ 2u(aM\ u) = 
Further expansion shows that 
+ w(b) — aU b) + 2p(u) + 2u(a U b) — 
— 4) — u) + b) = &(a, 
Transposing, we have 
b) + w(a) + w(u) — u) + w(d) + w(u) — 4) 
= 


10 It would be desirable, as the referee has pointed out, to construct an abstract 
theory which more completely unites our two examples. Our attempts in this direction 
have so far been unsatisfactory. 

11 Primus op. cit., p. 947. In a metric space, the point g is said to be between the 
point p and r in case 5(p, g) +-6(p, 7) = 6(p, r). The reader is referred to L. M. Blumen- 
thal’s book Distance Geometries for a discussion of this relation. 


| 
| 

| 
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Thus, finally, 
5(a, b) + 5(b, u) + a) = 26uU aU b, 


which is merely the condition (1) written in terms of the metric 6. 
Therefore u is neutral. The converse may be proved by reversing the 
steps of our argument. The proof is complete. 

We note that an element v is a complement of u if and only if both 
O and J are between u and v. 

For brevity’s sake let us write (a, b, c) for the expression, “the ele- 
ment b is between the elements a and c.” Glivenko calls a betweenness 
relation transitive! if the relations (x, c, y), (a, x, 6) and (a, y, 6) im- 
ply the relation (a, c, b). He proves the facts of our final theorem. 


THEOREM 5. An element u of a metric lattice L is neutral if and only 
if either (i) a-\\bSusSaVUb implies that (a, u, b) for every a, bEL, or 
(ii) metric betweenness is transitive in L. 


Proor. Using the condition (1) we prove the first of these results 
in the following way. Suppose ab Su SaU), then 


5(a, 6) = p(aU Db) — w(a 1b) = — 4) 
= 
Hence, if (a, u, 6), then 
bU u, u) = 26(a, b) = + u) + 5); 


which is (1). Conversely, if (1) is valid and a\\bSusSaV4b, then 
5(a, b) = 5(a, u)+4(u, 5), that is, (a, u, b). This proves the first re- 
sult. The second follows easily from Lemma 2 and the first. For, let 
metric betweenness be transitive and consider elements u, a, BEL. 
Take x=af\b, y=aVUb, We then have 
(x, u, y) since x Susy; and by the modularity of u we know that 
(a, x, b) and that (a, y, 6). Transitivity of metric betweenness implies 
that (a/\b)U(ul\(aVUb)) is between a and 6 for every a, bEL. It 
follows from Lemma 2 that wu is neutral. We can now follow Glivenko 
in a proof of the converse. If (x, u, y), (a, x, b), and (a, y, 6), then 
susxVy, absxsaVb, and it is easily seen 
that a(\b Sua). If u is neutral we then obtain that (a, u, b) from 
the first result; and metric betweenness is transitive in L. 


LEHIGH UNIVERSITY 


12 Secundus op. cit. For further transitivities of this nature and their application 
to a definition of betweenness in general lattices, see Transitivities of betweenness by 
Everett Pitcher and the author. 


BICOMPACTNESS OF CARTESIAN PRODUCTS 
CLAUDE CHEVALLEY AND ORRIN FRINK, JR. 


1. Introduction. Tychonoff [7] was the first to prove that the car- 
tesian product of any number of bicompact spaces is bicompact. Of 
the other proofs! in the literature [2, 6] perhaps the simplest is that 
of Tukey, which involves the notion of an ultraphalanx. In the present 
note a proof of a rather general form of this theorem is given, using 
only simple machinery. It is shown that the same method can be used 
to prove that the cartesian product of any number of absolutely 
closed Hausdorff spaces is an absolutely closed Hausdorff space. 


2. Definitions. The spaces considered are those in which an opera- 
tion of closure A of a set A is defined in terms of neighborhoods in the 
usual way, that is, x is a point of A if and only if every neighborhood 
of x contains a point of A. It follows that the closure operation is 
monotone; in other words, ACB if ACB. Conversely, any closure 
operation which is monotone can be defined in terms of neighbor- 
hoods. No assumptions are made about the neighborhoods of a point, 
except that when they exist, they are sets of points. 

The cartesian product P of a collection of such neighborhood spaces 
{Bx} is a space whose points # are all selections {p,} containing just 
one point ~; from each of the spaces B;. Neighborhoods are defined 
in P as follows. To any neighborhood WN; in B, of a coordinate p; of p, 
there corresponds in the product space P the neighborhood W; of p 
consisting of all points g of P whose coordinate gq; is in N;. The inter- 
section of any finite collection { W,,} ,r=1,---,m, of neighborhoods 
of p of this type, such that no two subscripts k, are the same, is also 
defined to be a neighborhood of p. This is the usual definition of car- 
tesian product due to Tychonoff [7]. Note that it is not true in gen- 
eral that the intersection of any finite number of neighborhoods of p 
is a neighborhood of p. 

A system § of sets is said to have the finite intersection property if 
every finite number of sets of § has at least one common point. It 
can be shown by a familiar argument, using Zorn’s lemma or trans- 
finite induction [4, 6, 8], that any system § of subsets of a given set 


1 See also J. W. Alexander, Ordered sets, complexes, and the problem of compactifica- 
tion, Proceedings of the National Academy of Sciences, U.S.A., vol. 25 (1939), 
pp. 296-298, and E. Cech, On bicompact spaces, Annals of Mathematics, (2), vol. 38 
(1937), p. 830. 
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with the finite intersection property is contained in a maximal system 
MM with this property. This is also a consequence of the theorem of 
M. H. Stone that every ideal in a Boolean algebra is contained in a 
maximal ideal [4]. 

A space B is said to be bicompact if there is at least one point com- 
mon to the closures of the sets of any system of sets with the finite 
intersection property (Tukey [6]). This is equivalent in T-spaces to 
the usual definition of bicompactness. 


3. Bicompactness of cartesian products. We prove the following 
theorem. 


THEOREM 1. The cartesian product P of any collection of bicompact 
spaces {B,} is bicompact. 


Proor. Let § be any system of sets of P with the finite intersection 
property, and let 2 be a maximal system with this property contain- 
ing §. Define the projection WM; of the system Af on the space B;, to 
be the system whose sets consist of the coordinates in B, of points 
of a set of 2. The system 2; clearly has the finite intersection prop- 
erty, since if any sets of 2 have a common point, their projections 
on B; have a common point also. 

Since B; is bicompact, there is a point p, which is common to the 
closures of all the sets of 2,. The points {p:} selected in this way, 
one from each space B;, are the coordinates of a point p of P. We 
wish to show that p is common to the closures of all sets of S. 

It follows from the way ~; was selected that any neighborhood N;, 
of ~, has a point in common with each set of the system 2f,. Conse- 
quently in the product space P, the neighborhood W; of p which 
corresponds to N;, has a point in common with every set of AT. Since AT 
is maximal, W; must belong to 2, and likewise every intersection 
of a finite number of such neighborhoods {W:,}, r=1,---,, must 
belong to 2. For 2, being maximal, must contain all finite intersec- 
tions of its sets, since otherwise these finite intersections could be 
added to 2. Hence every neighborhood of p belongs to 2, and there- 
fore every neighborhood of p has a point in common with every set 
of 2. Consequently # is in the closure of every set of 2 and there- 
fore of S, which was to be proved. 


4. Absolutely closed Hausdorff spaces. A Hausdorff space H is 
said to be absolutely closed if every homeomorphic image of H which 
is a subset of a Hausdorff space K is a closed subset of K [1, 3, 5]. 


THEOREM 2. A Hausdorff space H is absolutely closed if and only if 
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there is a point common to the closures of the sets of any system of open 
sets of H with the finite intersection property. 


Proor. Suppose the system § of open sets of H has the finite inter- 
section property, but that no point of H is common to the closures 
of all sets of §. Then § is contained in a maximal system 2 of open 
sets with these two properties. Extend the space H to K by adding to 
it an ideal point x, whose neighborhoods are all sets obtained by add- 
ing x to each set of 2, while neighborhoods of points other than x 
remain the same as in H. Then K is a Hausdorff space, since the 
closures of neighborhoods of x have only the point x in common. Con- 
sequently H is not absolutely closed, since its image in K is not closed. 

Conversely, suppose H is not absolutely closed, but is homeo- 
morphic to a subset H* of a Hausdorff space K, where H* is not 
closed in K. Let x be a point of K —H* which is in the closure of H*, 
and consider the space H* {x}. The system 2 of open sets of H* 
obtained by deleting x from all its open neighborhoods, has the finite 
intersection property, since x is a point of the closure of H*. There is 
no point common to the closures of all the sets of A, since H*U {x} 
is a Hausdorff space. This completes the proof. 


THEOREM 3. The cartesian product P of any collection of absolutely 
closed Hausdorff spaces {Hi} is an absolutely closed Hausdorff space. 


The proof is parallel to that of Theorem 1, with sets replaced by 
open sets. In defining the cartesian product P, only open neighbor- 
hoods are used, and §, 2 are systems of open sets. It is merely neces- 
sary to verify that the projection on H; of an open set of P is open. 
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LINEAR FUNCTIONALS AND INTEGRALS 
IN ABSTRACT SPACES! 


H. H. GOLDSTINE 


In his addendum to Saks, Theory of the Integral, Banach? considers 
a Lebesgue integral defined in a manner quite similar to that of 
Daniell* and remarks that no use is made of a measure. It is, how- 
ever, quite easy to show that Banach’s and Daniell’s integrals are 
expressible as Lebesgue integrals whose measure functions are regular 
outer measures in the sense of Carathéodory. 

In the first two sections a linear, non-negative functional is consid- 
ered. Upper and lower functionals are associated with this functional, 
and by means of them inner and outer measures are defined. It is 
shown that if the inner and outer measures of a set coincide, the set 
is measurable. To establish the converse a continuity assumption is 
made in §3, and a representation theorem in terms of the Lebesgue 
integral is obtained. It is shown in §4 that the theorem of Lebesgue 
for term-wise integration holds for semi-uniformly convergent £R- 
systems. 


1. Preliminary definitions. It will be convenient to consider two 
linear classes of real-valued functions defined on a completely arbi- 
trary range [. The first of these sets will be symbolized by ¥ and it 
will be supposed to contain the absolute value of every function in 
it. The second set 3 is made up of all functions 2(p) such that for 
some x in %, |z| <x. In accordance with Daniell’s notation the sym- 
bols x1\/x2, x1/\x2 represent the larger and smaller, respectively, of 
the functions x1, x2, at each place ». Both these functions are in ¥ 
since V0, x1 /\x2= x1 — (x1 —x2)\V0 and since x\/0 
=(x+|zx|)/2. 

Throughout this paper we shall be concerned with a linear func- 
tional J which is defined on the class ¥ and is non-negative in the 
sense that x20 implies J(x)20. Associated with this functional J 
there are two others J*, I, which will be called the upper and lower 
functionals and are defined by the equations 


I*(z) = g.l.b. I(x), I,(z) = 1.u.b. I(x). 
z2z 


1 Presented to the Society, April 13, 1940. 
2 Op. cit., p. 320 ff. 
3A general form of integral, Annals of Mathematics, vol. 19 (1918), pp. 279-294. 
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For functionals defined on other linear subspacesof 3 similar upper and 
lower functionals may be defined, and they will have the same prop- 
erties as I*, J,. It is easy to show that I,(z) = —I*(—2z); I4(z) S1*(z); 
I* (a: +22) (22); +22) for r20 that 
I,(rz) =rI,(z), I*(rz) =rI*(z); and that J,, J* are non-negative. 


1.1. For every z ) <1*(z) —I 


To prove this result we notice that if x22, x.2—z, then 
xi and and We have 
then I*(|2|) 2] ) +1 (x1 Axe) = +1 (x2) for all x, 
xe such that —x2S24%x;, from-which the conclusion follows at once. 


2. An extension of I. In this section we obtain an extension of the 
range of definition of J and are thereby enabled to introduce inner 
and outer measures into the discussion. Let 9) be the set of all z such 
that J,(z) = J*(z). 


THEOREM 1. The set 9) is a linear subclass of 3 containing % and on 
which there is a linear, non-negative functional L coinciding on ¥ with I. 
The set 9) is such that if y1, ye are in it so are yi/\y2, ¥i1\/y2, and it is 
furthermore such that a function z is in ¥) tf and only if the relation 


L,(z) = l.u.b. L(y) = L*(z) = g.Lb. L(y) 


ts satisfied. 


To establish the theorem let L(y) ke the common value of J*(y) 
and J,(y). It follows quite easily that L is linear and non-negative. 
To complete the proof let us first show that L*, Ly coincide with 
I*, I,. It suffices evidently to show that L*(z) =J*(z). By definition 
L*(z) L(y) SI(x) for zSy<x and hence L*(z) <J*(z). It also fol- 
lows from the definition of L* that there is a sequence y, =z such that 
L*(z) >L(y,) —1/n=I*(y,) —1/n2I*(z)—1/n for every integer n, 
which shows that L*(z) = J*(z). It remains now only to show that | y| 
is in 9), and this follows readily from Lemma 1.1. 

For convenience let us call a set E an M-set or say it is in J in 
case its characteristic function is in 9), and let us assume hereafter 
that the function 2(p)=1 is in 9). We may then define the measure 
mE of an arbitrary set E as the lower bound of L(yp) for all M-sets 
F containing E, yp being the characteristic function of F, and we de- 
fine the lower measure m,£E in an analogous way.‘ 


4 In his thesis, E. T. Welmers has considered similar definitions of measures. See 
Set Functions and Measurability Conditions, University of Michigan doctoral disserta- 
tion, 1936. 
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THEOREM 2. The functions my, m are monotone increasing set-func- 
tions such that m,E <mE and for every finite number of sets E, 


m( > E,) mEn, m,( E,) 2 m,E,. 
A set Eis an M-set if and only if m4E=mE. 


The first parts of the theorem are easily proved, and it is clear that 
if Eis an M-set then m4E=mE. Conversely if m4E =mE, there is a 
sequence of M-sets F,CE such that L*(zzg) <L(yr,)+1/nSL4(zz) 
+1/n, since L*(zz) SmE. Hence Ly(zz) = L* (zz). 


THEOREM 3. Every M-set is measurable in the usual sense. 


To prove this result we note first that the set M is restrictedly addi- 
tive. It is then clear that mX -E+mX-CESL(yr.e+yr-cze) =L(yr) 
for every set X andevery M-set F DX and hence mX-E+mxX-CE 
<mX, from which it follows that E is measurable. 


3. A continuity assumption. To proceed further it is desirable to 
make a continuity assumption. We assume that for every monotone 
decreasing sequence of non-negative functions x, in %, J,(lim x,) 
=lim J(x,). An obvious but important corollary of this hypothesis 
is that the function (lim x,) is in the set 9), provided that the sequence 
x, is as described in the preceding sentence. 


LEMMA 3.1. The limit of a monotone decreasing sequence of non- 
negative functions y, in Y) is again in 9), and L(lim y,) =lim L(y,). 


To prove this lemma we recall that there is a double sequence of 
non-negative functions xm, in ¥ such that xmn Syn and I4(yn) <I(xma) 
+1/m2”*. There is no loss in generality if we assume that for each n the 
sequence Xmn is Monotone increasing in m since =Xin, = Fm—1,n 
\VXmn has the desired monotone property and I+(y,) <I(mn) +1/m2" 
SINCE Xmn S mn. We show next that there is another sequence of non- 
negative functions £,, in ¥ which is monotone decreasing in m, mono- 
tone increasing in m and for which mn <Xmn. This sequence may be 
defined as follows: &m1=2mi, Emn=&m,n-1/\Xmn- By a proof like that 
given by Daniell’ it then follows that L(y,) <I(Emn)+1/m. With 
the help of the inequalities lim, &m.<lim, ynSyn, it is seen that 
Lilim, mn) SLs(lim yn) SL*(lim yn) Slim L(y.) Slimn [(Emn)+1/m 
SL(limy Emn) +1/m; whence L,(lim y,) = L*(lim y,) since L(limy 
is monotone increasing and bounded. 


5 Daniell, loc. cit., p. 283 ff. 
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LEMMA 3.2. To every set E there corresponds an M-set F DE such 
that mE =mF and m(F—E) =mE—m,E. 


According to the definition of m there is a sequence F, of M-sets 
each containing E, such that mE >L(yr,) —1/n. With the help of the 
continuity hypothesis made above it then follows easily that F=]] F, 
is in M and that L(yr) =mE2L(yr) =mF. To prove the second part 
of the lemma one needs only to keep in mind Theorem 3 and make a 
proof quite like that of Carathéodory.® 


THEOREM 4. The class M is completely additive and contains every 
measurable set E. The set-function m is a regular outer measure of 
Carathéodory. 


It is quite easy to show that the intersection of a denumerable 
number of sets in J is again in PM, and this fact coupled with the re- 
stricted additivity of It suffices to prove that M is completely addi- 
tive. By the lemma just proved there is a set F in 2 that contains E 
and for which mF=mE. Since E is measurable, we have mF=mE 
+m(F-—E) and hence m(F—E£) =0, which implies that =mE. 

Before proceeding further with our proof let us show that if F, is 
a monotone increasing sequence of measurable sets, then lim mF, 
=m<(lim F,). To prove this statement let F=lim F, and notice that 
the characteristic functions of the sets F—F, form a monotone de- 
creasing sequence converging to zero. Hence L(yr) —L(F,) =mF—mF, 
converges to zero. 

The regularity of m follows from Lemma 3.2 and Theorem 3. If 
{E,.} is an arbitrary sequence of sets, there is another sequence of 
measurable hulls F,DE,. It is thus true that <m(>>Fi) 
<> and hence m is an outer measure. 


THEOREM 5. Every y in 9) is integrable and 


(3.1) L(y) = f yam. 


Conversely every integrable function is in 9). 


It follows at once from the definitions of m and the integral that 
(3.1) holds when y is a simple function, and from Lemma 3.1 that 
lim L(y,) =L(lim y,) for monotone increasing sequences for which 
(lim y,) is in 9). It evidently suffices to restrict out attention to non- 
negative functions y, recall that they are limits of monotone increas- 


6 Vorlesungen iiber reelle Funktionen, p. 262, Theorem 5. 
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ing sequences of simple functions, and use Lebesgue’s theorem on the 
integration of monotone sequences. 

To prove the converse let z be an arbitrary integrable function. 
There is then a monotone decreasing sequence {yn} of functions in 
¥) converging to z for which the relation 


(3.2) lim L(yn) = L*(z) 


holds. With the help of Lebesgue’s theorem on term-wise integration, 
the equation (3.1) and the relation (3.2) we have at once the equality 
of L*(z) and the integral of z. In a quite similar fashion it follows that 
L,(z) is equal to the integral of z and thus to L*(z), from which it 
follows that z is in 9). 

To obtain the following corollary it is convenient to let Ul be a linear 
space of real-valued functions u on § containing | ze| and u(f) =1. 


Coro.iary 1. Let I be a linear and non-negative functional defined 
on Ui and let it be such that I(un) converges to zero whenever {u,} is a 
monotone decreasing sequence with limit zero. There is then a regular 
outer measure of Carathéodory such that 


= f udm, 


By a method quite like that of Daniell? we may extend J to be de- 
fined over a space ¥ which has the properties described in the first 
paragraphs of §1 and §3. Our corollary then follows immediately from 
the theorem. 


4. The theorem of Lebesgue. Let 2 be an arbitrary class of ele- 
ments / and let R be a transitive binary relation between the elements 
of 2, having the so-called compositive property which guarantees the 
existence of an element in the R-relation to each of a pair of pre- 
assigned elements. An 2R-system of numbers is then defined as a real- 
valued function a; defined on &. 

Recalling Theorem 5, we see that 9) is exactly the space of all in- 
tegrable functions. If y; is an 2R-system of integrable functions con- 
verging almost everywhere to an integrable y, then without imposing 
more stringent convergence properties, we could not hope to prove 
that the equation 


(4.1) lim = sim 


7 Daniell, loc. cit., pp. 285-287. 
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is valid. Suppose, for the moment, that every finite set of points has 
measure zero and that the measure of § is different from zero. If we 
choose / to be a finite subset of $ and y,(p) to be one for p in / and 
zero elsewhere, then y; evidently converges to one, and yet the equa- 
tion (4.1) does not hold. 

The system y; is said to converge semi-uniformly® to y in case to 
each e>0 and # there is an /,, such that the inequality 


(4.2) | ye(p) — y(p)| <e 


is satisfied by all / Ri., and in case for each fixed e the set of elements 
lp, aS P Varies, is at most denumerable. 


THEOREM 6. Let y; be an &R-system of measurable functions such 
that for all | in the R-relation to some ly the inequality | y:(p)| Syo(p) 
holds, where yo is integrable, Then if y, converges almost everywhere in 
a semi-uniform way to a measurable function y, the relation (4.1) is 
valid. 


It follows from the definition of semi-uniform convergence that 
there is a monotone increasing sequence /,, and a system of integers 1. 
such that the inequality (4.2) is satisfied for e>0 and / R1, when 
N=Ney. It is then evident that if 1, R/, (n=1, 2, - - - ) the sequence 
obtained from y; by setting /=), will converge to y, and then by 
Lebesgue’s theorem for sequences we have 


(4.3) lim = sam. 


If our theorem were false, there would be a sequence , R/, such that 


fou 


which contradicts (4.3). 


UNIVERSITY OF MICHIGAN 


8 E. H. Moore, General Analysis, Part II, p. 41 and p. 49. 
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THE ROOTS OF A POLYNOMIAL AND ITS DERIVATIVE! 
JOHN C. MONTGOMERY 


Consider a polynomial f(z) of degree m, with the roots a1, --- , Qn 
and its first derivative f’(z) with roots --- , Bs-1. The classical 
problem, where certain of the roots a; are given and conclusions are 
drawn concerning the location of the roots 8;, will be considered in the 
converse. By means of an identity between these two sets of roots, 
two theorems will be given which restrict the location of the roots of 
the polynomial f(z) when certain of the roots of its derivative, f’(z) 
are equally placed on the unit circle. 


THEOREM 1. If a1, --- , Qn, the n roots of the polynomial f(z) of de- 
gree n, are different from the q distinct roots B:,---, Bg, gan-—1, of 
the derived polynomial f'(z), then 

= 1 


1 == 
(B81 — a;)(B2 — aj) -- - (By — aj) 


The expansion of 1/(8:—<x) - - - (@,—x) into partial fractions when 
summed as x ranges over the values au, - - - , @n, yields 
1 A A, 
z (8: — x)--- (8, — 2) z (8B: — x) z (8, — x) 
where the coefficients - - - , A, are expressions of - - - , 8,, and 


thus may be taken outside of the summations. Then the theorem fol- 
lows since the remaining sums are all identically zero by the well 
known expression 
In a recent paper by M. Marden’ an identity is given between g roots 
of f’(z) and p roots of f(z) of degree n, n= p+q-—1. This identity gave 
a clue to the relation (1). In fact (1) may be derived by means of a 
complete induction operating on the Marden identity. 
In order to study the effect that (1) has on the distribution of the 
roots of the polynomial f(z), we introduce the following notation. Let 


1 Taken from a dissertation presented for the degree of Doctor of Philosophy in 
Yale University. 

2M. Marden, Kakeya’s problem, Transactions of this Society, vol. 45 (1939), pp. 
355-368. 
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g; be an arbitrary axis through 8; making an angle of ¥ with the axis 
of reals. Let L™ be the line through a and 8; of length r. Let 0 be 
the angle formed by g; and L® measured in the positive direction 
from L® to g;. Finally set 2,---, 
k=1, 2, ---,m. With these notations the identity (1) may be stated 
in terms of its real and imaginary parts in the forms 


(k) (k) 
"cos (01 +--- +6, ) 


(2) glk) 0, 
1 q@ 
(k) (k) 
sin (0 6 
(3) > ( 1 + + q@ ) af 0. 


1 @ 


Now in particular let us suppose that the g distinct roots of the 
polynomial f’(z) are on the unit circle at the points @=2j7/q, 
j=1, 2, ---,4q, respectively. Then if y is a right angle, L™, for all j, 
will have the equation 


p sin 6 — sin 2jx/gq = cot 65 (p cos 6 — cos 2jx/q). 


Since the lines Lm, for all j, intersect at a:, a root of f(z), we deter- 


mine the location of a; so that (2) or (3) will be satisfied, by requir- 
ing the cos (06+ - - - +0)=Oor the sin (6+ - - - +0) =0. The 
curve D, where the cos (6+ - - - +6) =0, may be determined by 
the substitution of L™ in the expression for the cot (f+ --- +06) 
=0, and the curve C, where the sin (0+ --- +0) =0, may 
be determined by the substitution of L® in the expression 
[cot (6+ - - - +6) ]-!=0. We determine the curves D and C if 
is even. 

Using the following expansions of the cotangent function and drop- 
ping the superscript k, we have D and C from 


0 = cot (1+ --- 


= cot 0; — cot 0; + cot 0;+---+(-— 
and from 

0 = [cot 
(5) = cot 0; — S¢_s cot 6; + cot 0; — 


q/2+1_¢ 


+(-—1) 6;, 


respectively, where 
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p sin 8 — sin 2jx/q 


cot 6; = j=1,2,---,4q, 


pcos 8 — cos 2jx/q 
and Sf cot 6; means the sum of all different products that can be 
formed using the g functions cot 6, - - - , cot 04, r at a time. We also 
note that the cot (0:+ - - - +6,) equals the right side of equation (4) 
divided by the right side of equation (5). Thence the expressions for 
D and C will follow from the two lemmas. 


Lemma 1. Jf F(p,0)=p* cos g0+) cos kO+bip* sin kO=K, 
and if F(p, 6) is identically equal to F(p, 0’) where 0’=2x/q+8, 
then a4, =), =0, R=1,2,---,qg—1. 


We compare the terms of like powers of p— 
p*: cos = cos + 6) = cos (2 + = cos 
a, cos ko’ + by sin = a, cos + by sin 0, 


or by expressing 0’ in terms of 8 and observing that the relation must 
hold for all values of 0, we have 


a,(cos 2xk/q — 1) + b,(sin 2xk/gq) = 0, 
— a,(sin 2rk/y) + 2xk/g — 1) = 0. 


For a solution of a; and 5, which is not zero to exist, we get from the 
determinant of the coefficients that the cos 2rk/qg=1 or 2xk/q=2zt, 
t=0, 1,---. Hence k/g=t, which is impossible. Therefore the only 
solution is a,=b,=0, for k=1, 2,---,q-—1. 


Lemma 2. If F(p, 0)=p% sin g0+) cos k0+b:p* sin RO=L 
and F(p, 0) is identically equal to F(p, 0’) where 0’=2x/q+0, then 
a,.=b,=0, R=1,2,---,qg—1. 


The method of proof is obvious from Lemma 1. Since (4) satisfies 
the hypothesis of Lemma 1, we have D as p* cos g@=K. We also 
observe that the point p=1, @=27/q is on the curve D, from which 
we see that K =1. Similarly (5) satisfies the hypothesis of Lemma 2 
and thus C is p% sin g@=L. Also p=1, 0=27/q is a point on C from 
which follows L=0. Combining the above facts the following the- 
orems may be stated. 


THEOREM 2. If g distinct roots of the derivative of the polynomial f(z), 
of degree n, are different from the roots of f(z) and are located so that 
they divide the unit circle into q equal arcs, then either all of the roots of 
f(z) are on the curve p* cos g0=1, or there are roots in the interior as 
well as the exterior of the curve. 
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By the interior is meant all points of the plane which are not on 
the curve but which are separated from the point p=0 by the curve. 
By the exterior is meant all other points of the plane not on the curve 
nor in the interior of the curve. 


THEOREM 3. If, with the hypothesis of Theorem 2, the 2q radial lines 
through p=0 and the roots of f’(z) and midway between the roots are 
drawn so that the plane is divided into 2q sectors, numbered from | to 2q, 
then either all the roots of f(z) must lie on the radial lines or there must 
be roots in an odd as well as in an even numbered sector. 


Covina, CALIF. 


ON THE REPRESENTATIONS, N;(m’)! 


Cc. D. OLDS 


1. Introduction. Write N,(m) for the number of representations of 
the positive integer m as the sum of r squares, and write N,(n, k) 
for the number of representations of m as the sum of 7 squares in 
which the first k squares in each representation are odd with positive 
roots, while the remaining r—k squares are even with roots positive, 
negative, or zero. Ina previous paper the author [5]? gave an arith- 
metical derivation of the formula for N3(n?). The method used to 
prove this result was based upon that employed by Hurwitz [2] in his 
discussion of the analogous formula for N;(n?). 

In 1930, G. Pall [6] gave an analytical derivation of the formula 
for N;z(cn*), c an integer. His formula shows, in particular, that if 


m= pip? -- - p%*, where pi, po, - - - , P, are distinct odd primes, then 
(1) N(m*) = 14]] a], 
v=1 
where 
(»,-1)/2 2 


[p., = os(p,”) — (— 1) 


We define the arithmetical function o;(”), which occurs here, and 
the function pi(m), which occurs later, by the sums 


1 This is the second part of a paper presented to the Society, April 6, 1940, under 
the title On the number of representations of the square of an integer as the sum of an odd 
number of squares. The author wishes to thank Professor J. V. Uspensky for help in 
preparing this paper. 

2 The numbers in brackets refer to the bibliography. 
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ox(n) = d*, px(m) = (— 1) 6 odd, 
din n=dé 
where in the first sum d ranges over all divisors of n: 1Sd<n, and 
in the second d, 6 range over all integral solutions of the equation 
n=dé, where 6 is odd. It is the purpose of this paper to show how 
formula (1) may be derived arithmetically. We shall use the method 
of Hurwitz [2]. 


2. Preliminary formulas. In the proof of (1) which follows, we use 
certain well known results concerning N,(n), when r is even. These 
formulas, which are not difficult to prove arithmetically,* are 


(2) No(m) = 12p2(m), m = 1 (mod 4); 
(3) Ne(2m, 2) = po(m), No(2*+2m, 4) = 22%po(m) = x(2%m), a= 9, m odd; 
(4) 4) + 16N12(4m, 8) = o;(m), m odd. 


3. Three lemmas. The first lemma we need was proved by the au- 
thor in [5]. 


Lema 1. Let f(n) be an arbitrary arithmetical function, not equal to 
zero for all n, and such that f(nn’)=f(n)f(n') for any two integers n 
and n’. If F(n) =f), where d ranges over all divisors of n, then 


(5) F(nn’) = u(d)f(d)F(n/d)F(n' /d), 


(a) 


where (a) indicates that we take d=1, 2, 3, - - - , with the convention that 
F(x) =0 if x is not an integer. Here f(1) = F(1)=1 and yu (d) denotes the 
Mobius function. 


Now let P= N;(m?), m an odd integer, and let P; denote the num- 
ber of solutions of the equation 


m? = x? + y? + 2? + u? + 0? + 
and P; the number of solutions of the equation 
m? = 227+ P+ + 40? + 4’, 


where the barred squares have odd roots and occupy the first five 
places in each representation. Then it may be proved without diff- 
culty that 


P = + 12P2), 


3 Formula (2) may be found, for example, in J. Liouville [3], formulas (3) and (4) 
in Liouville [4]. For the method used to prove such formulas arithmetically, see 
T. Pepin [7] or P. Bachmann [1]. 
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and thus our problem is reduced to the determination of convenient 
expressions for P; and P32. 
We first discuss P;. To this end, notice that 


Pi = > No(m? — 4w’), 
(6) 
where (5) indicates that w=0, +1, +2,--- ; 4w?<m?. On the other 
hand, (2) shows us that 
Ne(m*? — 4w?) = 12p2(m? — 4w*), 
so that 


Py = 12) pa(m® — 4w*) = 12>) pa((m — 2w)(m + 2w)) 


(b) 


12> p2(m’m’’), 
(e) 


where the last sum ranges over all positive odd integers m’, m’’ satis- 
fying the equation (c): 2m=m'+m”"’. 
To evaluate p2(m’m’’) use Lemma 1. Define 


jf(n) = 0, whenever 1 is even, 
f(m) = (— /2n2, whenever n is odd; 


then f(nn’) =f(n)f(n’) for any two integers n, n’ as required, and for 
odd n (=m), 


F(m) = f@ = (— 1) = (— 1) 
dim 


m= dé 
= (— 1)(*D/2p.(m), 6 odd. 
Applying (5) we obtain 
(6) p2(m'm’’) = w(d)(— /d)p2(m"" /d), 


(a) 


provided we adopt the convention that p2(x) =0 if x is not an integer. 
Hence 


Py = 12D) pa(m'm"’) = 125 u(d)(— /d)p*(m"" /d) 


(e) (ce) (a) 


12D) u(d)(— 1) po(m! /d)p2(m"’/d). 


d=1,3,5,°°° (c) 


Finally, with the aid of (3), we find 


m’ m” 2m!’ 2m" 4m 
— —)= Ne|({ —> 2])N 2)= —> 4). 


| 

| 

| 

| 

| 

| 

| 

| 
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Thus we have established 
LEMMA 2. Py=12 4). 
We evaluate P2 in a similar manner. Since 
= Ne(m? — 4), 
(a) 


where the extent of the summation is indicated by (d): x= +1, 
+3,---+ ;x?<m’; we find, using (3), that 


(4) (4) 2 


x(n'n’’), 


(e) 


ll 


P2 


where n’, n’’ are any two positive integers satisfying the equation (e): 
m=n'+n’’. Setting 
where m’, m’’ are odd, and using (6), we deduce that 
x(n'n!”) = 90(m'm'’) 


(a) 


n' 
= (=)x(7). 
(a) d d 
As a result 


= x(n'n"’) = 16>. p(d)(— 1) (4-0 /2g2 x(=)x(5). 


(e) d=1,3,5,°°* (e) 


Now by (3) 


4n’ 4m 
—> 4)N 14) = 8). 


We have proved 
LEMMA 3. P2=16 8). 


4. Derivation of the formula for N;(m*). Since we know already 
=}(Pi+12P,.), we find, using Lemma 2, Lemma 3, and finally (4), 
that 
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7 4m 
P= ak > u(d)(— s) 
6 dim d 
4 
+ 12-16 >> u(d)(— Ny. (=. 8) | 
d\|m 
4 4 
= 14 (=. + 8) | 
d|m d d 
dim d 
= 14 Il a,|, 
v=1 
where 


(py-1)/2 2 


ay. ay—1 
[p,, a, | = o5(p, ) (- 1) pros( ). 
This is the result we set out to prove. 
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A NOTE ON THE SPECIAL LINEAR HOMOGENEOUS 
GROUP SLH(2, p*) 


F. A. LEWIS 
1. Introduction. The following theorem is due to E. H. Moore. 


The special linear homogeneous group SLH(2, p”) of binary linear 
substitutions of determinant unity in the GF [p*] is simply isomorphic 
with the abstract group L generated by the operators T and S,, where d 
runs through the series of p" marks of the field, subject to the generational 
relations 

(a) So=JI, Sx (A, any marks), 

(b) T*=I, S,T?=T?S), 

(c) (A, any marks, 
1). 

For A\=1, +1, (c) gives 

(d) (Si:T*)*=T. 

Other relations employed by Dickson! in a proof of this theorem are 

(e) TSaT S2e-1T SaT S2a-1T? = I (a0), 

(f) TSaTSa-:T S, = Sa-%)T SaT Sa-1T (p any mark). 

It is the purpose of this paper to prove that (a), (b), (d), and (e) 
define an abstract group simply isomorphic with SLH(2, p") when 
p>2. If p=2, relation (e) reduces to an identity and must be re- 
placed by (f). 


2. Preliminary relations. We first prove that (f) is a consequence 
of (a), (b), (d), and (e) when p>2, so that in what follows we may 
use (f) for any p. We write (e) in the form 

(e’) TSaT = S_2a-1T S_aT S_2a-1T? 
and make an even number of applications of this formula to the right 
member of (f) as follows: 


Sa-%*TSeT = -T? 

= Sal = Sa-%—4a-11 S—a* TS—a-1T -SeaT? 

= Sa-%~6a-1° *Sa-1TS¢a = * = Sa-%-2ma-1* Sal *Sa-1TS2ma- 
Relation (f) is established by taking m=p/2a. It will be convenient 


to write (f) in the equivalent form 


1 Linear Groups, Leipzig, 1901. The notation is that employed by Dickson. 
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Now let e be a primitive root of the field and define 


(1) R = 
Since 


is true by definition when k=1, by induction (2) holds for any k if 
or 
T*S aT *S aT*S = I. 

Upon making obvious reductions this last relation becomes 

Se-enTS TS TST = T?. 
If we apply (f) as indicated, this becomes 

Sa_anTS TS ¢_a-14.1TS TS = I, 

which may be written 
(3.1) TS 1TS = I. 


We next apply (f’) repeatedly as illustrated in the following sample 
computation. 
TS 6-11 - TS = I, 


(3.4) TS TS = I, 
(3.6) S ATS = 1, 


These relations illustrate the four types that arise if the process is 
repeated indefinitely. It is evident that S,4= S$, must appear. Sup- 
pose, for example, that SS. appears in the following generalization 
of (3.4), say (3.2°u), where u is even. That is, we assume u= p"—k—1 
in 


(3: 2- ut) S TS el S 1 S = 
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and easily reduce the left member to So7S.-1(TS,)*S_..1T=I by 
means of (b) and (d). 


3. Proof of theorem. Relations (a), (b), (d), and (f) are satisfied by 


which generate? SLH(2, p*). The corresponding form of R is 


( ) 
0 


of period p"—1. The order / of L is not less than the order of 
SLH(2, That is, /= p*(p?"—1). Now 


by (b) and (f’). Further, R®"-!=J by (2) and (d). We conclude that 
K= {R, Sy} is of order p"(p"—1) and all of its elements may be 
represented in either of the forms R*S;, S.R4. Now consider the p*+1 
sets of p"(p"—1) elements represented by K, KTS) (A arbitrary). 
There are at most p"(p?"—1) distinct elements. It is evident that the 
sets are permuted among themselves on multiplication on the right 
by S,. If \#0, 


= 57) TS,T 


by (2). Making obvious simplifications we obtain KT S,T = KTS_,-1. 
Now KTS)T = KT?=K, since T?=(T*S_1)*. Also KT = KTS». Hence 
the sets are also permuted among themselves on multiplication on the 
right by T. It follows that all the elements of L are in the sets and 
ls p"(p?"—1). Hence L and SLH(2, p*) are of equal orders and sim- 
ply isomorphic. 


THEOREM 1. The special linear homogeneous group SLH(2, p*), 
b>2, of binary linear substitutions of determinant unity in the GF [p"] 
is simply isomorphic with the abstract group generated by the operators 
T and S), where d runs through the series of p” marks of the field, subject 
to the generation relations 

(a)? (A, any marks), 

(b) S\T?=T?S), 

(d) 

(e) TSaT Sea-1T SaT Sea-1T? =I (a any mark #0). 


2 Dickson, loc. cit., p. 80. 
3 A referee has pointed out that Sp=J follows from S,S,=Sy+p. 
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THEOREM 2. The special linear homogeneous group SLH(2, 2*) of 
binary linear substitutions of determinant unity in the GF [2*] is simply 
isomorphic with the abstract group generated by the operators T and S), 
where runs through the series of 2" marks of the field subject to the 
generational relations 

(a) (A, any marks), 

(b) T*=J, S\T?=T*S), 

(d) 

(f) = Sa-%T SaTSa-T (p arbitrary; 


Coro.iary 1.4 The linear fractional group LF(2, p"), p>2, of lin- 
ear fractional transformations in the GF [p*| is simply isomorphic with 
the abstract group generated by the operators T and S,, where d runs 
through the series of p" marks of the field, subject to the generational rela- 
tions 

(a) (A, any marks), 

(b’) T?=I, 

(d’) (SiT}*=T, 

(e’) (SaTS2aT)?=I (a any mark £0). 


Coro.iary 2. The linear fractional group LF(2, 2") of linear frac- 
tional transformations in the GF [2*] is simply isomorphic with the ab- 
stract group generated by the operators T and S), where d runs through 
the series of p” marks of the field, subject to the generational relations 

(a) Sy, (A, any marks), 

(b’) T?=], 

(d’) (SiT}* =I, 

(f) S, = Sa-%T SaT Sa-1T (p arbitrary; 


3.5 The abstract group simply isomorphic with 
the group LF(2, p), p>2, may be generated by two operators T and S 
subject to the generational relations 


S? = T? = (ST)? = (S'TS?/")? = I, 7 #0. 


UNIVERSITY OF ALABAMA 


* Special cases of this corollary have been proved by Dickson and Bussey. See the 
latter’s dissertation, Proceedings of the London Mathematical Society, (2), vol. 3 
(1905), pp. 296-315. 

5 Due to W. H. Bussey, loc. cit., p. 303. 


AN INTEGRAL ANALOGUE OF LAPLACE’S EQUATION! 
MAXWELL READE AND E. F. BECKENBACH 


1. Introduction. A general problem of a formal nature may be 
stated, for functions of two variables, as follows. Let a class of func- 
tions x(u, v), or a class of sets of functions x;(u, v), j7=1, 2,---, , 
defined in a finite simply connected domain D, be characterized as 
satisfying a set of one or more differential equations, 


(1) A =0. 


If in (1) we replace the partial derivatives 


au 
by the line integrals 
1 1 
— ydo, -— ydu, 
ar? Cy ar? 


respectively, where C, is an arbitrary circle, of variable radius r, lying 
in D, we obtain a set of integral equations, 


(2) B=0, 


analogous to (1). Our problem is the determination of the class of 
functions, or of sets of functions, characterized by (2). 
If y(u, v) has continuous first partial derivatives, then 


ydv = yu(uo, + — —f ydu = y,(uUo, Yo) + o(7°), 
Jc, mr Jc, 

where the subscripts u, v denote partial differentiation, where r and 
(uo, Yo) are the length of the radius and the coordinates of the center 
of C,, respectively, and where o(r*) denotes a quantity (not always 
the same quantity) such that! 


lim o(r*) 


Hence, for functions for which the derivatives involved in (1) are con- 
tinuous, (1) is equivalent to 


B = o(r’), 
1 Presented in part to the Society, June 20, 1940, by E. F. Beckenbach. 
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and a necessary condition that (2) hold for all circles in D is that (1) 
hold for all points in D; we might consider (1) to be a special case of 
(2), corresponding to r=0. 

Further local differential conditions, usually more restrictive than 
(1), but less severe than the integral condition (2), are obtained by 
replacing (2) by 


(3) B = o(r*) 


for significant values of the exponent a. On the other hand, even more 
restrictive than (2) is 


(4) B* =0, 


where B* is obtained from B by replacing 


1 
where y is an arbitrary closed rectifiable Jordan curve in D. 
For example, if (1) is 
= %X2,us 
the corresponding integral equation (4) is the familiar 


ff + xedv = 0. 


Or if (1) is the set of Cauchy-Riemann differential equations, 


the corresponding integral equations (4) are 


ff ude == ff = ff 


which can be written together as the Cauchy integral equation 


(5) f foes =f [x1(u, v) + ixe(u, v) (du + idv) = 0. 
Y 
Again, analogous to the differential conditions 


3 3 
2 2 
= Xj,vs > Xj,uXj,. = 0, 
1 


j=1 j=1 


2 


that is, E=G and F=0, which characterize conformal, or isothermic, 


— 
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maps, we have considered? the integral conditions 


>| f x = >| f x ;(u, odo], 


The hierarchy of integral conditions discussed above leads this time 
to an integral characterization of isothermic maps; of isothermic 
spherical maps, both those which carry circles into circles and those 
which do not; of isothermic maps on minimal surfaces; and of iso- 
thermic plane maps. Moreover, the investigation has yielded? unex- 
pected information concerning mean-value surfaces. 


2. Characterization of harmonic functions. In this paper we shall 
apply the above method to set up an integral equation analogous to 
Laplace’s second order differential equation, 


(6) Ac =—+— =9, 


which characterizes harmonic functions. This will illustrate how the 
method may be applied to equations of order higher than the first: 
we shall establish a second order integral equation characterizing har- 
monic functions. Our integral equation is not to be confused with 
other integral equations characterizing harmonic functions, 

dx 


—ds = 0, 
> an 


1 
V0) = f + cos % + 7 sin $)d¢, 


1 


ar? 


rather, it seems to be more nearly analogous to the (first order) 
Cauchy integral equation (5) characterizing analytic functions of a 
complex variable. As in the case of the Cauchy integral equation, 


2 Maxwell Reade and E. F. Beckenbach, Generalizations to space of the Cauchy and 
Morera theorems, Proceedings of the National Academy of Sciences, vol. 25 (1939), 
pp. 92-97; also, Transactions of this Society, vol. 49 (1941), pp. 354-377. 

3 Maxwell Reade and E. F. Beckenbach, Mean-value surfaces, to appear in an 
early issue of this Bulletin. 
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there is here no hierarchy of results: a weak condition of type (3) im- 
plies that x(u, v) is harmonic, while the condition that x(u, v) is har- 
monic implies a strong result of type (4). 

We note that 


(7) Ax = X(Ax) = (Az), 
where 
Ou dv Ou ov 
Let 
C: s(r), v = t(r), 1: 
C*: v= n(x), 


be arbitrary closed rectifiable Jordan curves in the u, v-plane such 
that for each ro, O0<79 <1, the curve 


C[s(ro), ]: s(ro) + E(u), +n(x), OSnS1, 


lies in D. Making the prescribed replacements in (6), in accordance 
with (7), we find the following integral analogues of Laplace’s differ- 
ential equation: 


(8) + £,4+ 1)(dt — idn) + idt) = 0, 


(0) | f _ + + — = 0 


Now both (8) and (9) turn out to characterize harmonic functions; 
since the analysis is the same in the two cases, we shall confine our 
attention to just one of them, namely (8). 

If (8) holds for fixed closed rectifiable Jordan curves C and C*, then 
we shall say that (8) holds for the curve-pair (C, C*). 


THEOREM 1. Jf the real function x(u, v) is continuous in a finite sim- 
ply connected domain D, then a necessary and sufficient condition that 
x(u, v) be harmonic in D is that 


(10) + £, 4+ n)(dt — idn) + idt) = 0 


hold for all curve-pairs (C, C*) for which the curves C(s, t) all lie in D. 


NEcEssITY. If x(u, v) is harmonic in D, and if &(u) and n(u) are the 


= 
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coordinate functions of an arbitrary fixed closed rectifiable Jordan 
curve C*, then 


C(s,t) 


where {C(s, ¢)} is the family of curves 
C(s, 2): u=s+ v=t+ n(n), 231, 


defines a function F(w) of the complex variable w=s+it; F(w) is de- 
fined on a point-set D(C*) of the u, v-plane, consisting of finite open 
simply connected pieces. By Green’s lemma, it follows that 


(s,t) 


where D(s, ¢) denotes the interior of the curve C(s, 4), and where 
x1 (u, v) =0x/du, x2(u, v) =0x/dv. By Leibnitz’ rule, we have 


xo(s + n)dtdy = ff w1,2(s + £, + n)dédn 
Os D(s,t) D(s,t) 
= — ff n)dédn, 
ot D(s,t) 


(13) — f f f f hd 
ot D(s,t) D(s,t) 


(14) ai(s + + n)dtdyn = ff 41,1(S + £, + n)dédn. 
Os D(s,t) D(s,t) 


(12) 


Since x(u, v) is harmonic in D, (13) and (14) yield 


0 
(15) f f f f t-+n)dtdn. 
ot D(s,t) Os D(s,t) 


From (11), (12) and (15) it follows that F(w) is analytic in D(C*). 
Since for each closed rectifiable Jordan curve C lying in D(C*) the 
curve C encloses only points belonging to D(C*), it follows from 
Cauchy’s theorem that (10) holds for (C, C*). Since C* is an arbi- 
trary closed rectifiable Jordan curve, it follows that (10) holds for all 
curve-pairs (C, C*) for which the curves C(s, ¢) all lie in D. 

SUFFICIENCY. If x(u, v) is continuous in D, then for a fixed positive 
p, the averaging function‘ 


4 For a list of properties of averaging functions, see H. E. Bray, Proof of a formula 
for an area, this Bulletin, vol. 29 (1923), pp. 264-270. 


f x(s + + n)(dt — idn), 
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1 
x(u,v;p) = —ff a(u + + n)dtdn 


Tp? 
has continuous partial derivatives of the first order; of course, 
x(u, v; p) can be defined thus only for an open subset D, of D, but 


this is of no consequence since p is arbitrarily small. We have the 
following equation 


(16) Xx(u 050) 0 + de). 
2 


If (10) holds, then it follows from (16) and the theorem of Morera 
that \x(u, v; p) is analytic in D,, and hence it follows from the Cauchy- 
Riemann equations that x(u, v; p) is harmonic in D,. Since in any 
closed subset of D, x(u, v; p)=x(u, v) as p—0, it follows that x(u, v) 
is harmonic in D. 


3. Lessening the sufficiency conditions. Actually, we need a good 
deal less to prove x(u, v) harmonic in D. In the first place, letting 3¢ 
denote the imaginary part of the complex function ¢, we have the 
following result. 


THEOREM 2. [f the real function x(u, v) is continuous in a finite sim- 
ply connected domain D, then 


(17) + & t+ n)(d— id) | (ds + idt) = 0 


holds for all curve-pairs (C, C*) for which the curves C(s, t) all ie in D. 


Proor. The repeated average, 


1 
a(u, v;p) = —ff a(u + p)dBde, 
p 


has continuous partial derivatives of the second order. We have 


af t+; p)(dé — id) | (ds + idt) 


= f | f xs + ¢ + 9; | dt 
¢ C(s,t) 
f | f a(s+ ds; 
Cc C(s,t) 
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hence, by Green’s lemma and Leibnitz’ rule, we obtain 


sf | id) | (ds + idt) 
Cc C(s,t) 


(2) 
+ + & t+ 15 ”| asa, 


where D(C) denotes the interior of C and where D(s, t) denotes the 
interior of C(s, t). From (18) it follows that 


(19) sf + t+; — ian) | (ds + idt) = 0 


holds for all curve-pairs (C, C*) for which the curves C(s, £) all lie 
in the region of definition of x(u, v; p). Since in any closed subset 
of D, x(u, v; p™) = x(u, v) as p—0, we obtain (17) from (19). 

It follows that harmonic functions are characterized by the vanishing 
of only the real part of the left-hand member of (10). 

In the second place, we can replace the strong integral condition 
(10), which is of type (4), by a weaker point condition of type (3). 
Let k be a fixed positive constant, let C(uo, vo; 7) denote an arbi- 
trary circle in D with center at (uo, vo) and of radius 7, and let 
C(uots, vo+t; kr) denote the circles in D having common radii kr 
and having their centers on the circumference of the circle C(uo, v0; 7). 
If Rp denotes the real part of the complex function ¢, then we have 
the following result. 


THEOREM 3. [f the real function x(u, v) is continuous in a finite sim- 
ply connected domain D, then a necessary and sufficient condition that 
x(u, v) be harmonic in D is that for each point (uo, vo) in D, 


R | f +s + +¢+7) 
(20) 


— ian | (ds + idt) = o(r‘), 
the integrals being taken once around the circles in the positive (counter- 
clockwise) sense. 


ProoF. If it is given that (20) holds, then also 


+ +0; p) 
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Rf + 5 + % 7; p) 
(21) C (ug. vo;r) kr) 
-(dé — id) | (ds + idt) = o(r‘). 


A computation yields 


R lf + 5 + 0 +4 +7; p) 
(22) C (uo, C(ugts, t:kr) 
-(dé — id) | (ds + idt) = 10; p) + o(r'). 


By (21) and (22), x(u, v; p) is harmonic in its region of definition, 
whence, as above, x(u, v) is harmonic in D. 

If, conversely, it is given that x(u, v) is harmonic, then we obtain 
(20) from an expansion similar to (22) for the function x(u, 2). 

We note that an alternate proof of Theorem 1 might be given along 
the line of the above proof of Theorem 2, and that the proof here 
given of Theorem 3 contains still another proof of the sufficiency part 
of Theorem 1. 


Ouro STATE UNIVERSITY AND 
THE UNIVERSITY OF MICHIGAN 


THE CONSTRUCTION OF POSITIVE TERNARY 
QUADRATIC FORMS! 


GORDON PALL 


1. Binary quadratic forms. A positive, binary quadratic form 
f=(a, t, 6) =ax?+2txy+by? (a, t, and 6 real numbers) is equivalent 
to one and only one form in which 


(1) t20 if a=b or a =| 2¢|. 


Such a form is called reduced, and has the further properties that: 
(i) a is the least number properly represented by f; (ii) ab <4A/3, 
where A=ab —?’; (iii) among all forms equivalent to f with the mini- 
mum @ as first coefficient, b is the least possible. 

To obtain all reduced, classical, binary quadratic forms of a given 
determinant A, we have the following well known algorithm: factor 
A+é (+t=0, 1, --- , (A/3)"?) as ab, with | 2t] in all possible 
ways; but discard forms with ¢<0 if a=) or | 2| : 


2. Ternaries. We develop in this article a similar method of finding 
a unique form in every class of integral ternary quadratic forms of a 
given determinant, or in a given order or genus. The methods of re- 
duction hitherto devised (Seeber [1], Eisenstein [2], Selling [3]) are 
entirely adequate if one wishes to calculate all reduced forms of de- 
terminant less than a certain fixed value, but are not connected 
closely enough with the invariants to make the computation of forms 
with given values for their invariants practicable. By the method of 
this article one can obtain the reduced forms in a given genus of de- 
terminant around 1000 in fifteen minutes. 

Our reduced form is not the same as that of Eisenstein or Selling, 
but we shall see how to pass from our form to that of Eisenstein. 

Eisenstein found that within every class of real, positive, ternary 
quadratic forms f=(a, b, c, r, s, t) =ax?+by?+cz?+ 2ryz+2sx2+2ixy 
there is a unique form (to be called E-reduced) satisfying the follow- 
ing inequalities: 


(2) r,s,tall > 0, orall < 0; 

(3) 
(4) 
(5) ifa=6, |r| S|s|;ifb=c, |s| 


1 Presented to the Society, May 2, 1941. 
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(6) ifa+b+2r+2s+ 
(7) if a = 2t, s S 2r; if a = 2s, t S 2r; if 6 = 27, t S 2s; 
(8) ife = — 2s = 0; if a = — 2s, = 0; if b = — 27, ¢ = 0. 


Here the conditions (2), (3), and (4) are to be regarded as the prin- 
cipal inequalities, and determine the planar boundaries of the funda- 
mental cell of reduced forms. From the principal inequalities readily 
follows Seeber’s inequality abc S$ 2d, where d is the determinant of f. 

The number of possibilities for a given d is greatly limited; but no 
procedure is indicated for sifting out forms of a given determinant. 

It may be observed that in an E-reduced form a is the minimum, 
and, among all forms equivalent to f, b is as small as it can be for the 
predetermined a, and ¢ as small as it can be for the preceding a and b. 

Eisenstein used two methods in constructing his table of integral 
ternaries. One was to write down sequences of forms satisfying (2)— 
(8), and to calculate their determinants. The other produced all forms 
of a given determinant with minimum a=1, 2, or 3; but (2)—(8) are 
ill adapted to extend this method to a>3. This article provides such 
an extension. 

Let F=(A, B, C, R, S, T) be the adjoint of f. On account of the 
rarity of Seeber’s book it is worth noting that Seeber’s conditions 
differ from Eisenstein’s only in having (6), (7), and (8) replaced by 


ifa+b+ 2s+ 24 =0, 2|R| SC; ifa = + 2,2|T| < B; 
ifa = + 2s,2|S| SC; ifb = + 2, 2| R| SC. 


The equivalence of these conditions to (6)—(8) is obvious from ideénti- 
ties like those we use in §4. It may be worth noting in regard to our 
method that while certain coefficients of F start off our process of 
construction (§7), only linear expressions in the coefficients of f need 
to be formed in testing for duplicates. 


3. A new reduced form. We call the real, positive ternary quad- 
ratic form f = (a, b, c, r, s, t) reduced, if the following inequalities hold: 


(2) r, s,tall > 0, orall < 0; 

(9) 2r + 2s + 

(10) 

(11) 2|R| <= C s B,where R = st — ar,C = ab — #, B = ac — 8’; 
(12) if a = — 2s or — 2¢, then# ors = 0; 


(13) if a = 2s or 2t, then R S 0 (i.e., ¢ or s S 2r, resp.); 
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if C = B,b Sc (hence s* = #*); if C = — 2R, b = 2r; 
(4) ifC = 2R,a+2s+120; 
(15) ifa=b, |r| <|s|; ifo=c, |r| 
(16) ifa = bore, thena+r+s+i20; 
(17) 


(18) ifb+c¢-+2r+ 2s + 2t = 0, then d+ 2¢+7< Oandd 


It should be observed that (94), (12), (14s), (16), and (18) are triv- 
ial if (2) holds; and (93), (13), (142), and (17) are trivial if (22) holds. 


THEOREM 1. Every class of real, positive, ternary quadratic forms con- 
tains one and only one reduced form. 


We prove in this section that every class contains a reduced form. 
Denote the adjoint of f by F=(A, B, C, R, S, T), so that C=ab—# 
and BC—R?=ad. We can replace f by an equivalent form in which: 


ais the minimum of f; C is the least possible with the aforesaid a; 


(19) and B is the least possible with the predetermined a and C. 


We have 2| R| < CSB by (19%) and (193). For replacing y by y¥z 
in f replaces a by a, C by C, B by C+2R+B. 

Replacing x by x+/y+kz in f corresponds in the adjoint trans- 
formation to replacing y by y—hx and z by z—kx in F, hence leaves 
C, R, and B unchanged but replaces s by s+ak, ¢ by t+ah. We thus 
secure (10) and (11). 

We get (2) by changing signs of an even number of x, y, z. 

We next show that conditions (9) and (15)—(18) all follow from 
(19). First notice that (19;) implies (9):a<f(0, 1, 0), ---, f(1, 1, 1). 

Denote by (X, Y, Z) the unimodular transformation replacing x, y, z 
by X, Y, Z. Ifa=b, use (—y, —x, —2) and get (a, a,c, s, r,t); if a=c, 
(—z, —y, —x) and (a, b, a, t, s, r). Hence (193) and (192) imply that 
ac—r?Z=ac—s?, and ab—r?=ab—?’, or (15). 

If a=b—2r-+c, the transformation (z, —x, x—y) carries f into 
(b—2r+c, c, a, —s, s—t, r—c). Hence (b—2r+c)c—(r—c)?=be—r* 
=b(a+2r—b) giving (17). 

If a=b, (y—z, x—z, —2) replaces f by (a,a,0, —a—t—s, —a—t—r, 
t), where c=a+b+c+2r+2s+2t; if a=c, (—y+z, —y, x—y) re- 
places f by (a, 0, a, —a—s—t, s, —a—r—s). Hence ao—(a+t+r)? 
2ac—s?, or (a+s)?=(r+t)?; and or (a+?)? 
= (r+s)?; giving (16). 

Let b+c+2r+2s+2t=0. Applying (—x+z, —x+y, —x) and 
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(x, x—2, x+y), we get (a, b, a, t, —a—t—s, —t—b—r) and (a, ¢, 5, 
—r, —b—r—t,c+rt+s). By (19%), or b+2t+r 
<0. Also, or f—(c+r+s)?2a(b—c) 
=a(—2c—2r—2s—2t); if b could exceed c, then —c—r—s-—t 
=b+r+s+i>0, whence c+r+s—t22a, while c<—r—s—t; thus 
—r—s—t>2a—r—s+t, —2t>2a, contrary to (10). This gives (18). 

If a= —2s and ¢#0, (x—2z, y, —z) carries f into fi=(a, b,c, —t—r, 
—s, —t), with —R, =C, Bi=B. Here (—s)(—t) < —2s(—t—,r). 
Hence (13) holds for fi. If a= —2¢ and s¥0, use (—x—y, —y, 2) and 
(a, b,c, —r—s, —s, —2). 

If a=2s and R=s(t—2r)>0, (—x—z, —y, 2) yields (a, b, c, t—r, 
s, t), with t—2(t—r) <0. If a=2¢ and R>O, use (—x—y, y, —2z) and 
(a, b,c, s—r, s, t). 

If C=B, we may replace f by (a, c, b, r, t, s), and thus secure (14). 
This does not affect any conditions so far obtained. 

If C=—2R and b<2r, (—x, —y—z, 2) replaces f by fe=(a, 
b—2r+c, b—r, t—s, t)~(a, b, b—27+c, r—b, t—s, —t), with 
—R-—C=R, B.=B, and b22(b—r). The minimal conditions (9) and 
(15)—(18) must hold in consequence of (19); and (10), (11) also hold, 
for fe. If a=2t¢ and s=t we have (12); if a=2¢ and s<t, Rx= RO by 
(13) for f. If also C=B, and c <2r, we use (a, b—2r+c, b, b—r,t,t—s), 
and have b—2r-++c22(b—r) since bSc by (14:) for f. 

Finally let C=2R, a+2s+t<0. Then (—x+2, —y-+z, 2) carries f 
into (a, b, ¢, —t—b—r, —a—t—s, t), with C, R, and B unchanged. 
Here a=2(a+i-+s) since a+2s+2t<0; and we cannot have a= —2t 
since then s=0 by (12) for f. But a+2(—a—i—s)+t= —(a+2s+2) 
>0. If also C=B and a+c+2r+2s+2t<0, use (a, ¢, b—t—b-—r, t, 
—a—t—s), where a+2t+(—a—t—s)=t—s20 by (141) for f. 


4. Some properties of a reduced form. Before completing the proof 
of Theorem 1, we note further inequalities for a reduced form: 
(20) if b = 2r, t S 2s; if b < 27, t < 2s 
(21) ifc = 27,383 <27,8s< 4 
[for, 0 < C + 2R = a(b — 2r) + — 4), B+ 2R similarly |; 

ifr, s,# <0, then b = — 2r andc 2 — 2r; 
(22) ifb = — 27,4 =0; ifc = — 27,s=0 
[for, 0 < C — 2R = a(b + 2r) — + 2s), B — 2R similarly]; 
(23) if r, s,t > 0, then 5b > 8r and 5c > 8r 
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[for, C>—2R by (142), s*—(t—s)?>a(2r—b), ab=4s*, b>4(2r—b); 
Bz —2R, c24(2r—c), equality implying s=t, cob]; 
ifb=c,|s| S|t|; >, |s| <el 
[for,0 < B—C = (¢—s)(¢+s) —a(b—c) Sa(c—b + (t—5))]; 
(25) ifr,s,t>O0,c2rt+s 
[for,a 
(26) ifr,s,¢ 50,c+2s+r 2 3(b —c) 
[for, by (%4),c + 
— 3(b — 
ifa + b+ 2r + 2s + 2¢ = 0,C = 2R ifand only if a+ 2s +4 =0, 
and C > 2R if and only if a + 2s +4 < 0; 
ifa+b+ 2r+ 2s + 2t <0, thena+2s+iti<0 
[for,C — 2R = a(a +b + 2r + 2s + 2) — (a +A (a +25 
(28) ifa+c¢-+ 2r+ 2s + 2¢ = 0, B= 2Rifand onlyifa+ 2#+s <0 


[for, B — 2R = a(a +c + 2r + 2s + 2) — (a+s)(a+ 2+5)]. 
We note that we cannot have C=2R if r, s, t>0, nor C= —2R if 


r,s, <0. Thus if 7, s, ab 2st —2ar. 


(24) 


5. The equivalent Eisenstein-reduced form. We shall now exhibit 
for any reduced f= (a, b, c, r, s, t) the equivalent E-reduced form; and 
Theorem 1 will follow when we verify that no such E-reduced form is 
equivalent to two distinct reduced forms. Each of the following four- 
teen forms is obtained from f by an unimodular transformation, re- 
spectively: (x, y, 2), (—x, —2, —y), (—x, —y—2, 2), (x, y+2, —y), 
(x, —y+z, —3z), (+2, —y+z, +y), (=z, y—2), (x, y—2), 
(x, y, 2), (—x, —2, —y), (—x+z2, —y+z, 2), (x—2z, —2, y—2), 
(x—y, —y+2, —y), (—x+y, ¥, ¥—3). 


Case r, s, t>0 E-reduced form equivalent to f 


2rsbSc (a, b, c, 7, s, t) 
2" 2rsc<b 0; 7; tS) 
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Case r, s, t>0 E-reduced form equivalent to f 
3? b<2rsc, (a, b, b—2r+c, b—r, t—s, t) 
4° bSc<2r, s<t (a, b—2r+c, b, b—r, t, t—s) 
S. b<2rsc,tss (a, b, b—2r+c, r—b, t—s, —t) 
6° bSc<2r,tSs (a, b—2r+c, b, r—b, —t, t—s) 
7° c<2rsb (a, c, b—2r+c, r—c, s—t, —s) 
c<b<2r (a, b—2r+c, c, r—c, —s, s—t) 


Use the abbreviation 


Case r, s, tS0 E-reduced form equivalent to f 
10° c<b,o—b2=0 (a, c, b, 7, t,'s) 
77° a—c<0,c—b=0 (a, b, 0, —t—b—r, —a-—t-—s, t) 
g@—c20,0—b<0 (a, ¢,o0, —s—c—r, —a—t-—s, s) 


b<c, <0, c—b<0 (a, 0, b, —t—b—r, t, —a—t-—s) 
14° c<b, <0, c—b<0 (a, 0, ¢, —c—r—s,s, —a—t—s) 


We first verify that the forms in the last column satisfy the condi- 
tions of E-reduction. We cannot have a=b in 3°-6°, nor a=c in 
7°-8°, since then by (15) rSs <4), or rStS}c. Nor can a=b—2r+c 
in 7°-8°, for then c<bSr+t, a<r+t—2r+r+t=2t. We use (23) for 
(2) in 3°-8°; (10) for (3); (9) for (41); (10) for (42) in 5°-8°, (6) being 
vacuous in 5°, 7°, and 8°; (14) and (24) in 1°-2°, (16) in 3°-6°; as 
to (6) and (8) in 6°, if b=c, s=t by (24); we use (13) and (20)-(21) 
for (7) in 1°-2°, (23) (t—s<r<2b—2r) in 3°—4°; if a=2t in 5°-6°, or 
a=2s in 7°-8°, then a=2s=2t or a= 2t=2s, s=t. 

All of 9°-14° satisfy (22); for by (10) and (22), b= —r—t,c2—r-—s, 
and a= —s-—t. All satisfy (3) by (11) and (22). For (41) we have (9). 
As to (42) the sum --- is respectively c—b,c—o,b—a, 
c—b, and b—c; thus (6) follows for 9°-10° from (27)-(28), for 13° 
from (24,), and is vacuous for the rest. As to (5), use: (14) and (24) 
in 9°-10°; (18) in 13°-14°; (27) or (28) in 11°-12°, noting that a=b 
(or a=c) is excluded by (16). As to (8): use (12) and (22) in 9°-10°; 
if a= —2¢t in 11°-12°, s=0 by (12), b<—2r, contrary to (22); if 
a+2s+2t=0 in 11°-14°, 6 (orc) < —2r, a contradiction; if b-+2¢+2r 
=0 in 11°, a< —2s; if c+2r7+2s=0 in 12°, a< —2t; a# —2s in 12° 
and 14°, since —s<—t by (24); in 13°, o=2b+2t+2r implies 
a+2s+c—b=0, s=t by (24), a= —s-—t; and finally, in 14°, o=2c 
+2r+2s implies a+2t+6—c=0, a contradiction. 
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It is easy to verify that in terms of the quantities C, R, B of f, the 
values of C, R, B of the forms 1°—-14° are as follows: 


(C,R+C,C+2R+B), (CC+2R+B,R+C,0), 
(299) (CC+2R+B, R +B, B), 
(B, B— R,C—2R+B), 


6. No two reduced forms are equivalent. Denote two reduced forms 
by f and f’=(a’, b’, c’, r’, s’, t’), the adjoint of f’ by (A’, B’, C’, 
R’, S’, T’), and let 7°’ denote 7° for f’. A moment’s examination shows 
that for any i (15114) 1°=7° implies in some order that a=a’, 
b=b’,- --, t=t'. We shall obtain a contradiction if 7° =7°’ with 

Clearly forms 1° to 4°, with all terms positive, cannot coincide with 
any of forms 5°’ to 14°’. 

If 5°=11°’ (or 6°=13°’), a=a’, —t=t', t—s=—a’—t'—s’; thus 
s=—s’, a’=—2s’, t’=0, but ¢>0. Sim- 
ilarly by interchanging b and c, s and t, for 7°=12°’ and 8°=14°’. 

In all other cases we shall obtain one of the contradictory conclu- 
sions (i) B=C but b>c or s?<?#?; (ii) C=—2R but b<2r; or (iii) 
C=2R but a+2s+/<0; for either f or f’. 

If 1° =7°’ the ith and jth triples in (29) for f and f’ respectively must 
coincide. Thus if 3°=4°’, C=C’+2R’+B’=B’=C’=C+2R+B2B 
2C. In a similar way we find B=C and B’=C’ for the pairs 
(1,7) =(1, 2), (1, 4), (2, 3), (3, 4), (5, 7), (5, 8), (S, 10), (5, 12), (6, 8) 
(6, 14), (7, 11), (7, 13), (8, 13), (9, 10), (10, 11), (11, 12), (13, 14); all 
these cases give (i). The same method yields (ii) in the cases (5, 13), 
(5, 14), (6, 7), (6, 11), (6, 12), (7, 8), (7, 10), (8, 9), (8, 11), (8, 12). 

If 1°=3°’, (29) gives C=C’, —R=C’+R’=—R’=C'+R2-R, 
hence C’ = —2R’, but b’ <2r’; similarly for (2, 4), (5, 6), (5, 9), (6, 9), 
(6, 10), (8, 10). The same method leads to (i) in (7, 9), (9, 12) [R=B’ 
—R'> R’'=B'—R=C—R2ER, C=2R, B’=2R’, C'’=B’, but b’>c’, 
(9, 14), (10, 12), (10, 14), and (12, 13). 

Finally, (7, 14), (9, 11), (9, 13), (10, 13), (11, 13), (11, 14), and 
(12, 14) lead to (iii). Thus in (7, 14), B=C’—2R’+B’, R+B=B'—R’, 
C+2R+B=B’', B=B’=B, =0 by (143), whereas 
in 14°’, <0, or by (27), a’+2s’+t’ <0. 

Several cases could have been contradicted in more than one way. 
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7. Algorithm for forms of determinant d. The minimum a of f, by 
Seeber’s inequality, satisfies a* < 2d. Further, a is the minimum of the 
binary form (a, t, 6) of determinant C, so that a?<4C/3; and C is 
the minimum of (C, R, B) of determinant ad, whence C? <4ad/3. 

We are now ready to state an extension to ternaries of the binary 
algorithm of §1. We shall confine the statement to classical forms al- 
though it is easy to include forms in which 2r, 2s, or 2¢ may be odd. 

Algorithm. Give a the values 1, 2,---, [(2d)"*], +R the values 
0, 1, - - - ,{(Zad)"/?]. For each a and R, factor ad+R? in all ways as a 
product CB of positive integers C, B for which the congruences 


(30) = —?, = — s* (mod a) 


are solvable, 2|R| <CSB, and 2a*<C. Give s and ¢ all solutions 
of (30) such that | s| 4a and | t| <a, and construct the quotients 
b=(C+#*)/a and c=(B+s?)/a, and r=(st—R)/a, discarding cases in 
which r is not an integer [r will usually be an integer by choice of the 
sign of R, since R?= (st)? (mod a) |. Change signs of two of r, s, ¢ if nec- 
essary to secure (2). Discard all the resulting forms (a, ), c, r, s, t) 
which do not satisfy (9) and (12)—(18), as they are duplicates. 

The forms remaining comprise one and only one representative of 
every (classical) class of determinant d. The Eisenstein reduced forms, 
if desired, may be written down by means of 1° to 14° in §5. 


8. Contracted process for an order or genus. If we desire only the 
properly or improperly primitive (p.p. or i.p.) forms of an order (Q, A), 
then in §7, the values of C, B, R are multiples of 2, and we can set 


(31) C= 62C;, B= 6QB,, R = OR, 


where @=1 or 2 according as the reciprocal forms are to be p.p. or i.p. 
If f is to be i.p., a, b, and c must be even. 

There is not much lessening of labor over that for the whole deter- 
minant if Q=1 (and, if A=1, it is best to use the reciprocal order). 
But if Q and A exceed 1, the possible values of C within the limits 3a? 
and (4ad/3)'/? (where d= 2A), are comparatively few; and it is less 
work to write out the values of C for each a, using (311) and (30,), 
and to construct the equations ad+R?=CB by solving the congru- 
ences aA+RK?=0 (mod 6?C;) and forming aA+R?7=6?C,B,, with 
2| R,| S$0C,; 6B, and with (302) solvable for B=02B,. When a is not 
prime to 2Q it is necessary to calculate the remaining cofactors A, S, 
and 7, to test whether the form belongs to the desired order. 

A specification of the numbers representable properly by the order, 
and the reciprocal order (and this is especially true within the nar- 
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rower confines of a genus) will diminish considerably the number of 
pairs of values of a and C to be considered. We shall not take the 
space here to list these numbers; however, compare Example 2. 


9. Example 1. There are over 175 classical, reduced forms of de- 
terminant d=600. We shall find all with minimum a=4. Using a 
factor table we form 2400+R?=CB, for +R=0, 1,---, 28, with 
12<C<(3200)'? and 2|R| SC<B, C and B congruent to 0 or 3 
(mod 4). [For somewhat larger values of a it would be less work to 
write out the admissible values of C and to solve the congruences 
—ad=R? (mod C) for R.] We may take t=0 or +2 if C=0, t= +1 
if C=3 (mod 4); and similarly for s and B. We thus obtain the follow- 
ing table: 


+R C B n+ r s t ibe x r fa 
0 15! 4°40) OFT (8) 
040. @ 24-40 118 4-40! 6 —2 0 
A Av 60 (y) 
103 2 1 2] (a), (7), (8) 
16°32 4° °S 70 (¢) 
25 55 55 4 14 14 -6 -1 —-1 


We have here omitted: (a) ¢=0 since (12+07)/4<4; (8) s=—2 
(a= —2s) if 40; (y) t= —2 (a= — 22) if s¥0; (5) the bracketed form, 
by (151); (€) =O since 440 —R; (¢) t= +2 since 4}2—R. There remain 
31 reduced forms, and all of them happen to be also E-reduced. 


Example 2. To find the reduced forms in the genus of (7, 7, 7, 1, 1, 1), 
of determinant 324. Here Q2=6, A=9, and the reciprocal forms are 
i.p., so that Cj =C/12 is an integer (and also B/12); the numbers 
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represented by the genus of f are the positive integers not of the forms 
(¢20), 3(3n+2), or 4n+1, 2; while C, in the reciprocal 
genus cannot be of the forms 3(3m +1), 3n+2, or 324+!(3n-+2) (q21). 
Since a* S 2d, a $8. By §7 we have only the possibilities (a, C) = (3, 12), 
(4, 12), (7, 48). If a=3 we solve —972=R? (mod 12), whence 6| R, 
and we form 972+0?= 12-81 (discarded since 12/81), 9724+6?=12-84, 
12+0°=3-4, 84+0?=3-28; we thus write down the form (3, 4, 28 
—2, 0, 0). If a=4 we obtain 1296+0?=12-108, 1296+6?=12-111 
(discarded), 12+0?=4-3 (discarded since 3<4), 12+2?=4-4, 108 
+0?=4-27, 108 =2*=4-28; and have the forms (4, 4, 27, 0, 0, —2), 
(4, 4, 28, 1, 2, 2); but discard the latter as i.p. If a=7, 2268+6? 
=48-48, 2268+18?=48-54 (discarded), 48+12=7-7; and we have 
(7, 7, 7, 1, 1, 1). Thus there are three reduced forms in this genus: 
(3, 4, 28, —2, 0, 0), (4, 4, 27, 0, 0, —2),.and (7, 7, 7, 1, 1, 1). Asa 
check, the mass of the genus should be 1/4+1/12+1/6=1/2, and 
this agrees with the Eisenstein-Smith [4] formula. 


10. Some remarks about minima. The invariance of (19) in §3 
proves that among all forms within a class, (19) holds if the coeffi- 
cients satisfy the inequalities (2) and (9)—(18). An examination of the 
last part of §3 allows us to drop some of these inequalities, and still 
assure the validity of (19). 

Examples of reduced forms, and of E-reduced forms, in which C 
is not the minimum of the adjoint form, are easily found; C is, in a 
reduced form, only the minimum simultaneous with the minimum a. 

In an E-reduced form, 6 is (if it exceeds a) the least number prop- 
erly represented except for a; the corresponding number for a reduced 
form is readily deduced from the list of fourteen forms in §5. Con- 
versely, if the least number represented by F simultaneously with the 
minimum a by f is desired for an E-reduced form, it can be deduced 
by inverting the transformations of §5 to obtain the corresponding 
reduced form. 
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INSTITUTE FOR ADVANCED STUDY 


ON A GENERALIZED GREEN’S FUNCTION AND 
CERTAIN OF ITS APPLICATIONS! 


STEFAN BERGMAN 


1. Introduction. A theorem of Blaschke in the theory of a.f. 1 c.v. 
(analytic functions of one complex variable) states: }>%,log|a, 
>— 0, | a,| <1, is a necessary and-sufficient condition for the exist- 
ence of a non-negative, harmonic function? H(z), € [€?—S 2.1 {a,} ], 
&? = E[|z| <1], which possesses the property that [H(z) +log|z—a,| J, 
y=1,2,---, is regular in a neighborhood of z=a,. By 


exp [ — H(z) — iB(s)] = f(z) 


where B(z) is a function conjugate to H(z) we obtain a function f(z), 
| f(z)| <1, which possesses factors (z—a,), v=1,2,---. 

If one wishes to obtain an analogous result in the theory of a.f. 2 c.v. 
one must bear in mind at first the following fact: 

If f(z)/g(z) is regular in © we call g(z) a zero function of f in ©. 

Since every function f regular in G can be represented in the form 
f(z) =] (¢—a,)k,(z) where k,(z) are regular and nonvanishing in 
we need to consider in the theory of a.f. 1 c.v. only linear zero func- 
tions. In the case of a.f. 2 c.v. we cannot in general represent even 
polynomials as products of linear functions; therefore, one must use 
for zero functions not only linear expressions but also arbitrary a.f. 
2 c.v. [1, p. 1189].* 

Furthermore there is lacking in the theory of a.f. 2 c.v. a theorem 
analogous to the theorem of Riemann, stating that every simply con- 
nected domain possessing at least two boundary points can be trans- 
formed conformally into ©?. We cannot therefore limit ourselves to 


1 Presented to the Society, April 27, 1940. 

2 We designate by capital and small letters, respectively, real and complex functions 
of 2%, 2=X-+iysz, and manifolds by English letters, where the upper index denotes 
the dimension of the manifold. We omit this index for four-dimensional manifolds. 
We denote by E[--- ] the set of points whose coordinates satisfy the relations indi- 
cated in brackets. § means the logical sum. A horizontal bar above a letter indicates 
the closure of the set denoted by the letter. 

3 The numbers in brackets refer to the following papers: Stefan Bergman, 1. Pro- 
ceedings, Akadem’e van Wetenschappen, Amsterdam, vol. 34 (1932), pp. 1188-1194, 
2. Mathematische Annalen, vol. 102 (1934), pp. 324-348, 3. Compositio Mathematica, 
vol. 3 (1936), pp. 136-173, 4. Compositio Mathematica, vol. 6 (1939), pp. 305-335, 
5. Stefan Bergman and Marcinkiewicz, Fundamenta Mathematicae, vol. 33 (1939), 
pp. 75-94, 6. G. Buler, Bulletin de I’Institute Mathématique de Tomsk, vol. 2 (1939), 
pp. 164-186, 7. S. Saks, Theory of the Integral, Monografie Matematyczne, vol. 7, 
Warsaw and Lwéw, 1937. 
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consideration of one domain as in the theory of a.f. 1 c.v., but we 
must study our problem for an arbitrary domain. 

In attempting to generalize to the theory of a.f. 2 c.v. the methods 
which are bases for the proofs of the theorem of Blaschke and other 
theorems in the theory of meromorphic functions, until now we have 
limited ourselves to the consideration of a special class of domains 
(domains with distinguished boundary surface) [2, §1, §3; 3, p. 138]; 
furthermore it was necessary to introduce instead of harmonic func- 
tions an “extended class of functions” which contains biharmonic 
functions (that is, real or imaginary part of a.f. 2 c.v.). This class 
possesses various properties analogous to those of harmonic functions, 
but depends upon the domain [4, p. 306 and p. 319]. In the case of a 
bicylinder €= E[| | <r, k=1, 2], the double harmonic functions, 
that is, functions H satisfying 0°7H/dx2+0?H/dyz=0, k=1, 2, form 
the extended class of functions. 


2. Functions of the extended class. In the present paper we shall 
consider a special class of domains, 2, with distinguished boundary 
surface. Let h(ze, A), h(ze, 0) =h(ze, 27), be a continuously 
differentiable function of 22, A, which is for every constant \ an ana- 
lytic function of zz, | z| <1, such that: 


a°. we have 


(2.1) | h(zz,d)| M-'<|dk/ax| SM < @; 


b°. it is possible to represent the curve b!(ze) =S osaserE [zi =h(Ze, d), 
Z.=21), | zo| <1, in polar coordinates p, w in the form p=p(w; 22) 
where p is one-valued, and with the further assumption that 


(2.2) | < M, H = 1, 2, M- <| dw/dar| M < 


Let $*(z2) be the region in the plane Z,=z, bounded by b'(z). (See 
Figure p. 657.) Thus B?(z2) =S 0<s515 [21 =sh(Ze, d), Ze =z]. 
The domain M is now defined as M=S§ |2,;<18?(z). The boundary of 
M consists of two segments of analytic hypersurfaces 


= Els = 2), | $1], 

je = [exp (i¢s) ]. 

The intersection 

-i2 =S [exp ] =S [21 =h(exp (i¢2), 
d), 22=exp (i¢2)] =S osrseri(A), 


where i'(A) =S os¢.s2rE[21=h(exp (ids), d), 22=exp (ide) ], forms the 
distinguished boundary surface of M. 
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Let a real function G(¢2, A), OS¢2527, be given such 
that, except for a finite number of values of A, G(¢2, A) is continuous 
in @: and X for every X, in the range 0<¢2<27, except for a finite 
number of values of ¢2 (which can vary with A) and such that* 
SJ | Gx, =c < 

The function D(2:, 22) = 22; G; M) of “extended class E’(M)” 
is defined in Mt in the following way: 

1°. In every point (21, 22) of $?(A) we define the value of D in such 
a manner that D[h(ze, d), 22] becomes a harmonic function of x2, y2 for 
| zo <1, which assumes for | ze =1 the values G(@xo, d); 

2°. In every B?(z2) we define the values of D in such a manner that 
D(2:, 22) becomes a harmonic function of x, y; in $?(z) which as- 
sumes on 6!(z,) the values D[h(zz, d), 22] defined by 1°. We get for D 
the integral representation 


(2.4) D(Z1, Z2;G; M) = ff G(¢2, A) PiPsdgodx(r; Z2), 


1 1 —| w(Z1, Z2) |? 
14] |? — | cos — are 
= Zo, 


where w(f, Z2), w(0, Z2) =0, w’(0, Z2) >0, is the function which maps 
%?(Z2) on the unit circle; x(A; Z2) =arc w[h(Ze, ), Ze] [4, p. 319]. 
H(z, 2) is said to be HE E(M) if H(z, 2) (a, 2) 
—lim,.. D®(z:, 2) where D® (2, 22) =D(a, 22; G®; M) is a set of 
non-decreasing positive functions described above converging uni- 
formly to a limit function in every closed subregion of Jt and almost 
everywhere on every § o<¢.<2xb'(re**2), r<1. We have then by a classi- 
cal theorem of Lebesgue [7, p. 28] 


(2.5) H(0, 0) = f f H[h(re‘#2, d), rei#? 0). 


The function L(z:, 22) is said to be LEl(M) if L can be represented 
in the form 


(2.6) L(z1, 22) = > [— log | g,(z:, 22) | + H,(z1, 22), 


4 Here and in the following // means loa 
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the sum converging uniformly in any closed subregion of [M—S 2.1G?], 
@? = E[g,(z:, 2) =0] and converging almost everywhere on every 
S o<¢.s2xb'(re‘*2), r<1, and such that 


(2.7) ff L[h(reé#2, d), 0) = > — ©, <1; 


(2.8) ff | L[h(re#, d), re‘*2]| 0) < r<i. 


g,(z1, 22) are a.f. 2 c.v. regular in Mand H,(21, z2)€ E(M). 

In an analogous manner we introduce the classes E’(M,), E(M), 
Dt =S = E[| 22] <7, (21, 22) J. 

REMARK 1. Since d), | <r]C32A) [cf. (2.3)] every 
function H(z, 22) which is of class E’(M) or E(M)belongs to E’(M,) 
or E(M,) respectively. 

3. Lemmas. For the proof of the main theorem we need several 
lemmas. 


I. There exists a function a,(Z,, Z2), &(Z1, Zz) < © for (Z1, Zz) 
which depends only on It, such that for every non-negative H(Z,, Z2) 
ECE(M-) we have 


(3.1) H(Z;, Z2) S Z2)H(0, 0). 


Proor. According to (2.4) we have for every non-negative 
D,(Z1, Z2) € E’ (Mz) 


r+ R,1+| w(Zi;Z:) 
r— R.1—| w(Zi;Z:)| 


(3.2) D(Z1,2Z2) 


f Glos, Zs). 


Since b'(Z2) satisfies the conditions a° and b® for every Z2, we obtain 
by Lemma 7 of [5] 


M, d arc w[h(0, d), 0] < d arc w[h(Ze, d), = dx(d, 


(3.3 
arc w[h(0, d), 0] = Midx(d; 0), 


< 
M, being an appropriate constant. By Lemma 5 of [5],5 (3.2) and 
(2.4) we obtain (3.1) with H replaced by D and with a,(Z;, Z2) 
=(r+R:2)(r—Re)— [1+] w(Z:, Z2)| ][6(Z1, Z2)], 6(Z:, Z2) being an ap- 
propriate constant. Since we can approximate HE E(M,) uniformly 
in any closed subregion of M, by an appropriate D(Z,, Z2) =D (Z,, Z2) 
—D?(Z,, Z2), D® Z2) (3.1) is valid for H(Z1, Z2). 


5 In the Lemma 5 of [5] #(z) is assumed to vanish at z=0. 


= 
= 
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T'(21, 22; g; Me) = — log | g(zs, 2) | + D(21, 22; log | g| ; Me), 
g = g[h(re**, d), reé*], 


(3.4) 


is designated Green’s function of the extended class corresponding to g 
and M,, N= M. Here g is supposed to be regular in M2. 

In every point (21, 22)€%?=S where g(zi, 
T'(ai, 22; g; Mt) =0. 

Since the set of points of §? where g(z:, z2) =0 has zero measure, we 
have 


(3.5) ff [h(re‘#, d), g; Mt, 0) = 0. 


In order to avoid tedious operations in our later considerations we 
suppose in the following that g and g, have no factors of the form 
[21 —h(ze, d)], const. 


II. For 2) 
(3.6) T'(z1, 22; g; M) 2 O. 


Proor. Since in every B*(z2), | 28] <1, (z:, 223 g; M) is a non-nega- 
tive harmonic function of x;, y:, which may become infinite at 
a finite number of points a like —p log | z1—a| , P positive integer, 
it is necessary to show only that 2; g; for (2, 22) Efi 
=§ j2.1<16'(22) =S osasex37(A). (The other possibility is that g has a 
factor (2.—a), but then I'(2:,a;g;M) = + ©.) In every $7(A) we have 

225 Mt) = d), 225 Mt] 


3. 
= — log | 22] | + D[A(es, 2), 22; log | ; 


I’ [h(ze, d), 22; g; M] is for every \ a harmonic function of xe, ye in 
|ze| <1 except at a finite number of points in which it becomes ~ 
and which assumes the boundary values 0 on |z,| =1. The function 
(3.7) is obviously non-negative in | ze <I 


III. The following relation holds: 
(3.8) lim 0: g; = 0; g; M). 
rol 


Proor. In order to prove (3.8) we shall show that 


(3.9) lim D(0, 0; log | g|, Dt) = D(0, 0; log |g|; M). 


= 
= 
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Since g(z:, 2) is regular on =S = §?, we can find by 
Weierstrass’ preparation theorem and the Heine-Borel theorem a 
finite number of domains <p,H=1,2], k=1,---,n, 
with the following properties: 
1°. Sf_,G% covers the total (four-dimensional) neighborhood of $?; 
2°. in every Gx, 


(k), 


g = (22 —f2 ) — (22) 22) 


where /x, wu; are non-negative integers, V; is an a.f. 2 c.v. regular and 
nonvanishing in and af (¢) =¢ are algebroid® in a cer- 
tain neighborhood of z.=¢{. 

We can suppose that 7 is chosen so near to 1 that g has no factors 
(2.—re**?), r»Sr<1. Hence in order to prove (3.9) it is sufficient to 


prove that 


(3.10) f log | — | 0), = re”, 


is a continuous function of r for every k and H, the integration being 
taken over §7-Di=S gi(re#*) d), 
=rei*2, (r, do) SASAd(r, 2) J. 

Let 6>0, e>0 and <6, =re‘*2]. We can deter- 
mine an ro so near to 1 that for r9><r<1 and Y—eX<g2<y¥+¢€ where 
af? (re‘#2) lies? in 8? and the point is not con- 
tained in g'(re‘*?) for or 

We dissect every g'(re‘**?), into two 
parts; g;(re‘#2) = g'(rei#2) =E[z, =h(ze, A), (5, ho) 
<d(5, 2) ] and = g'(re‘#2) — 

(3.10) Taken over So or 
S y—ex<o.sy+e f'(re**?) is obviously a continuous function of 1, since 
af}’(re‘#2) does not lie on these surfaces. By (2.1) and (2.2) there exists 
by Lemmas 3 and 4 of [5] a P=P(M, A) such that every circle of 
radius P, tangent to b'(re‘*?) at an arbitrary point h(re**?, dX) of 
b'(re‘*2) lies either entirely inside of 6*(re***) or outside of this do- 
main. 


6A function a=a(z) satisfying the equation --- +,,(z) =0, 
where g,(z), =1,2,---, m, are af. of 1 c.v. regular in the domain Ul? is said to be 
“algebroid in U?.” 

7 Here and in the following part of this section we write for the sake of shortness 
h(re*®2, ) instead of [h(re**2, d), re#:] and ay (re**2) instead of 
(The points are supposed to be points of the space (z;, 22), lying in the plane z2=re*®*2, 
but we omit the coordinate 22.) 
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If therefore min,| of (rei#2) —h(reé#2, <P and if h(re*#2, \°) is the 
point of 6'(re‘*?) which is nearest to a{f’(re‘*2), then lies 
on the normal n'(re‘*?) to b'(re‘*?) at h(re‘*?, X°) which lies in the 
plane {2 =z. 

It follows by (2.1) and (2.2) that h(re##2, d) lies, for |A—d°| < PM- 
inside of the triangle T?, the sides of which are formed by arcs of the 


g' 


B?(re'*?) 
b' (re‘*:) 


exterior and of the interior circles of radius P, tangent to b'(re‘*?) at 
h(re*#2, \°) and of the circle | 2:—h(reé#2, \°)| =2"/2P. 

The straight line passing through h(re**?, X) and h(re**, \°) forms 
with n'(re‘#?) an angle 8, for which 45° <|8| <135°. 

Since by (2.1) and (2.2) the length of [h(re‘#2,d), h(re*#2, d®)] is not 
less than 

| pe — = — wo| = — I, 
= h(re‘2, d), poet? = h(re‘#2, d°), [sin 3(w — ]/w — wo > 3], 

the distance between h(re‘*?, \) and n'(re‘*?) and therefore between 
h(re‘#2, and af (re‘#2) [en'(reé#2) | is not less than 


d) 
P 
h(re‘@:, 
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If |A—d*| > PM-", then we have the two following possibilities: 
1°. h(re**2, X) lies in the triangle T* and we have by (2.2) 


> PM-?, 


and from this | h(re‘#2, \) since h(re‘#?, 
ANE 

2°. h(re‘#2, X) lies outside of and then, since a{(re‘*2) lies be- 
tween h(re‘*?, \°) and the center of the circle, we have 


| h(re**2, X) —alP(re‘#2)| > P. 


Since we can suppose that M21 and P<1 we have finally that 


(3.11) | ») — ag | = APM—- |X — 


where |A—)°| a1 is |A—D°*| if |A—D*] and is M-! if |A—)°| 
2M-". 

Thus the integral (3.10) taken over § y_-.<4.<¥+4Q4 (re**?) is smaller 
in absolute value than 


¥t+e (8,52) 
f f | log ((3)3/7APM—!. | | | 
—e 


(8,42) 
which converges to 0 as 6-0. 


4. The main theorem. Let {g,(z:, 22)} designate a set of a.f. 2 c.v. 
regular in IN and possessing the property: A. For every r<11 there exists 
an N(r) so that g,(z1, 22), v > N(r), does not vanish in It, =S 
Then 


(4.1) FO, 0; g.;M) < 

is a@ necessary and sufficient condition for the existence of a function 
F (21, 22) EU(M), F(0, 0) < ©, which possesses the property that for every v 
F(2;, 22) +log| g,(z:, 22) | is regular on G? except at the intersection points 
G2 - G2, n¥v. 


Proor. (4.1) is necessary. The function F becomes infinite like 
—log| g,(z:, z2)| on G?, v=1, 2, - - - . Since by A, G? for y>N(r) lies 
outside of Qt, and therefore a fortiori outside of M,, pr, 
22) (21, 22; go; M,) has no singularities in M,. Since 
—log| g,(z1, 22) | for y>N(r) are regular biharmonic functions in 
we have by Remark 1 that [—log|g,(z:, 22) | +H,(21, 22) |}€E(M,) for 
v>N(r) and therefore that 


= 
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f | go] + 0) 


(4.2) 
=— [—log | g.(0, 0)| + 4,0, 0)]. 
v= N (r)+1 
Since 
N(r) 
F(21, 22) — T'(21, 223 M,) 
(4.3) 


= lim [— log | g(21, ze) | + 22) +P(z1, 22) 


y=N(r)+1 


is absolutely integrable, where 


P(2:, 2) = [H,(z1, 22) — D(z1, 22; 2», M,) | 


[cf. (2.6), (2.8), and (3.4)], it follows by (4.2), (4.3) and the Lebes- 
gue theorem [7, p. 29] that® 


N(r) 
ff = ff - > | 0) 


= > (—log |g-| +H.) + P | 0) 
(r)4+1 
1 


(4.4) 3 
log | g.(0, 0)| + 0)] + POO, o} 


v=N (r)+1 
1 N(r) 
Fo. 0) — 0; g,; m,)|. 
4r? 


By (2.7), (3.6) the right-hand member is 2 —Crp and therefore for 
t< N(r) we have by II 


t 
(4.5) > FO, 0; M,) < 44°Cr + F(O, 0). 
v=1 

By Lemma III we can replace in (4.5) Mt, by M and since this in- 
equality is true for every #, (4.1) holds. 

In order to prove that (4.1) is sufficient we shall show that 
(21, 223 go; M)EUM). For r<1, N(r)<m<o, 

8 The arguments of g,, H,, P, Ty, lacking in (4.2) and (4.4) are assumed to be 


[h(pe*2, ), 
Typ in (4.4) is [h(pe**:, d), pet; Dep]. 
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> T'(21, 22; M)E E'(M,). 


v=N(r)+1 


By II and I we have 


(4.6) DX 223 M) S a,(z1, 22) D> (0,0; g,;M). 
v=N (r)+1 v=N (r)+1 
Therefore by II and (4.1), (21, 22; Mt) converges uni- 
formly in any closed subregion of M. 
Since 


v= N (r)+1 


1 m 
=— 1,0; g,;M), 
v=N (r)+1% 
by II and the known theorem of Lebesgue [7, p. 28] 


v= N(r)+1 
exists almost everywhere on §?, r<1, and we have 


> ), res; 8] 0) 
v=N (r)+1 
(4.8) 1 © 
=— 0; M). 


v=N (r)+1 


Therefore by (4.1) 2)=> (a1, 23 M) exists in 
M=lim,., M,. It follows by II that F(z, 22) 20, (z:, 22) and 
by (4.8) and (4.1) we have that 


(4.9) f f {F [h(reé#2, d), rei#2]} 0) = 0, r<i. 


REMARK. Since double harmonic functions are the extended class 
for any bicylinder, an analogous procedure shows that in the case of a 
bicylinder E[|z.| <1, k=1, 2] A (see p. 658) can be replaced by the 
(weaker) hypothesis that g,(z:1, 2), v2N(r), do not vanish in 
E[|z.| <r, k=1, 2]. Furthermore we wish to notice that from re- 
sults of Buler [6] one can obtain in this case certain properties of 
lines E[F(z1, 22) =0, =A] ze|*, A, a>0, <1] if F is bihar- 
monic in [E—S ,G?]. 
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Finally we wish to indicate that a procedure analogous to those of 
[4] enables us to associate with every function f, meromorphic in M, 
a characteristic function T(r, f), r<1. Using the results of [5] and 
those of a work of Bers® as well as the theorem of this paper it is pos- 
sible to show that, under certain hypotheses, | f | possesses boundary 
values almost everywhere on %?, if the T(r, f) is uniformly bounded 
asr—1. 


MASSACHUSETTS INSTITUTE OF TECHNOLOGY 


® The paper of Bers will appear in American Journal of Mathematics. A prelimi- 
nary report of his work may be found in Comptes Rendus de I’ Académie des Sciences, 
Paris, vol. 208 (1939), pp. 1273-1275 and 1475-1477. 


MONOTONIC COLLECTIONS OF PERIPHERALLY 
SEPARABLE CONNECTED DOMAINS! 


F. B. JONES 


In my vain attempts to construct an example of a Moore space 
which is normal but not metric,? I have discovered a few simple and 
useful theorems about metric spaces which sound familiar but sur- 
prisingly do not seem to be known or in the literature. The following 
is such a theorem and deals with certain conditions under which a 
monotonic collection of domains contains a countable monotonic sub- 
collection running upward through it. Application of the theorem to 
certain well ordered sequences is immediate. 


Definitions.* A collection G of point sets is said to be monotonic 
provided that if g: and gz are elements of G then either g; contains ge 
or ge contains g:. A subcollection H of a collection G of point sets is 
said to run upward through G provided that if g is an element of G 
there exists an element of H which contains g. 


DEFINITION. A point set is said to be peripherally separable provided 
that its boundary is separable. 


Let S denote a locally connected metric space. 


1 Presented to the Society, February 22, 1941. 

2 See F. B. Jones, Concerning normal and completely normal spaces, this Bulletin, 
vol. 43 (1937), pp. 671-677. 

3 For the definition of certain terms and phrases, the reader is referred to R. L. 
Moore’s Foundation of Point Set Theory, American Mathematical Society Colloquium 
Publications, vol. 13, New York, 1932, or to W. Sierpinski’s Introduction to General 
Topology, Toronto, 1934, translated by C. C. Krieger. 
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THEOREM A. Jf Gis a monotonic collection of peripherally separable 
connected domains of S then some countable monotonic subcollection of G 
runs upward through G.+* 


Proor. Let H denote a well ordered subcollection of G which runs 
upward through G such that if he of H follows 4; of H, then hy; is a 
proper subset of iz. Suppose that H is uncountable. For each element 
h of H, let 8, denote the boundary of h. Let @ denote the infinite set 
of real numbers 0, 1, 3, 3, - - - , and for each point x of B, let r, de- 
note the largest number of @ such that the circular region with center 
at x and radius equal to r, lies in some element of H. For each n, 
n=1, 2, 3,---, ©, let denote the set of all points x of such 
that r,=1/n. Since 6; is separable, every subset of 8) is separable. 
Hence for each n, n=1, 2, 3, - - - , ©, there exists a countable subset 
Nin Of Min which is dense in Min. Since H is uncountable and, for 
each element h of H, >=? Ni, is countable, there exists a countably 
infinite sequence fy, he, h3, -- - of elements of H such that for each 
positive integer 7, hj; contains h; together with all points y such that, 
for some 1, the distance from y to Nj,, is less than 1/n. Again since 
H is uncountable, some element g: of H contains }-h;. Let ge denote 
the first element of H following g: in H. Since gz contains a point not 
in gi, ge contains a boundary point X of }-h;. Space being locally con- 
nected, there exists a sequence of points X1n,, X2nq, Xan, °° having X 
as a sequential limit point such that for each 1, i=1, 2, 3,---, 
n; is a positive integer and x;,, belongs to Ni,n,. Obviously 1;— © as 
i—«. But for some positive integer k, every point at a distance less 
than 1/k from X lies in ge. Hence there exists an integer 7 such that 
when 7 >i every point at a distance less than 1/(k+1) from xin, lies 
in ge. But xin, belongs to Nijn,, i=1, 2, 3,---. Hence when 21>, 
1/n;21/(k+1), and hence n;Sk+1. This is a contradiction since, as 
has already been pointed out, 1; as i-+. So the assumption 
that H is uncountable is false. 


Coro.iary. In a locally connected metric space, every well ordered 


* Compare with certain of the properties discussed by Sierpifiski in his paper, 
Sur I’ équivalence de trois propriétés des ensembles abstraits, Fundamenta Mathematicae, 
vol. 2 (1921), pp. 179-188. This paper contains references to the work of Fréchet 
which is closely related to Theorem A. The relation of Theorem A to certain well 
known covering theorems (associated with the names of Borel, Lebesgue, and 
Lindeléf) is evident. See also R. L. Moore, An acknowledgement, Fundamenta Mathe- 
maticae, vol. 8 (1926), pp. 374-375; R. G. Lubben, Concerning limiting sets in abstract 
spaces I1, Transactions of this Society, vol. 43 (1938), pp. 482-493; and the references 
therein. 
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increasing sequence of peripherally separable connected domains is 
countable. 


Examples and remarks. If the hypothesis of the theorem is weak- 
ened in any respect and not strengthened in some other respect, the 
conclusion does not follow. This can be seen by considering the well 
known space which may be roughly described as composed of un- 
countably many straight line intervals having one common endpoint 
and each pair being perpendicular at that point. This example also 
shows (by removing N, of the free endpoints one at a time) that if 
the word upward in Theorem A is changed to downward (and a natu- 
ral interpretation given to its meaning), the resulting proposition is 
false. Furthermore, the theorem does not necessarily hold true for 
non-metric spaces, even if the space be a Moore space. The only ex- 
ample which I have been able to discover that shows this latter situa- 
tion is unfortunately too complicated to warrant its inclusion in this 
paper. In still another direction, if S is metric but not locally con- 
nected, the theorem is again false. For consider a space constructed 
roughly in the following way. (1) Let a denote an uncountable well 
ordered sequence of distinct points A1, Az, A3, - - - such that no point 
of a is preceded by uncountably many points of a. (2) For each point 
A, of the sequence a, join A, to A.4; with a unit straight line interval 
of points such that no two such intervals have a point in common 
except when the end of one is the beginning of the other and preserve 
the ordinary limit point relations as given by these intervals (not 
by a). Let Q denote the space obtained so far. It consists of uncount- 
ably many mutually exclusive straight line rays. (3) To connect the 
space, a process involving an uncountable well ordered sequence of 
additions to Q is performed. For each point A of a having no immedi- 
ate predecessor in a, select a simple sequence Bis, Boa, Bsa,--- of 
points of a approaching A in a. For each positive integer 1, add to Q 
a straight line interval T;4 which is } unit long, which has one end at 
Bj, and which is perpendicular to each other interval (whether added 
in (2) or (3)) containing B;4. Let A be the sequential limit point of 
the end-points of the intervals Tis, T24, T34,--- which are distinct 
from Bis, Boa, Bsa, - - - respectively. (4) The sum of all the intervals 
thus put together constitutes a metric space S. For each point A, of a, 
let D, denote the sum (except for possibly the point A, itself) of all the 
intervals in S containing a point of a which precedes A, in a. The se- 
quence D, D2, D3,--- is a monotonic collection of connected do 
mains each of which has only one boundary point. Nevertheless no 
countable subsequence of D, D2, D3, --- runs through it. 
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In view of the fact that the components of a domain in a locally 
connected space are themselves domains, one might suspect the fol- 
lowing to be true: In a connected locally connected metric space every 
monotonic collection of peripherally separable domains contains a 
countable subcollection running upward through it. This is false as 
can be seen from the example of a space composed of uncountably 
many perpendicular intervals described above. However, the follow- 
ing proposition is true: In a metric space, every monotonic collection of 
separable domains contains a countable subcollection running upward 
through it. This follows from well known results. ° 


Applications. The application of Theorem A to the problem men- 
tioned in the opening paragraph of this paper is more or less evident. 
It can also be used to establish rather easily the following known re- 
sult: A connected locally connected, locally peripherally separable, metric 
space is completely (perfectly) separable.* The proof is direct and al- 
most immediate. 


THE UNIVERSITY OF TEXAS 


5 See pages 300 and 301 of Alexandroff’s paper, Uber die metrisation der im Kleinen 
kompackten topologischen Réume, Mathematische Annalen, vol. 92 (1924), pp. 294- 
301, in particular. 

6 F. B. Jones, A theorem concerning locally peripherally separable spaces, this Bulle- 
tin, vol. 41 (1935), pp. 437-439. 
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ON THE MAPPING OF THE SETS OF 24 POINTS OF THE 
SYMMETRIC SUBSTITUTION GROUP G., IN ORDINARY 
SPACE UPON A HYPERQUADRIC CONE 


EARL WALDEN 


Introduction. The mapping of the sextuples of the symmetric sub- 
stitution group G, in a plane upon a quadric has been done by Emch.! 
The 24 permutaiions of 4 elements x1, x2, x3, x, considered as projec- 
tive coordinates in ordinary space determine a configuration? which 
may be mapped on a hypersurface in S,. I shall show that the hyper- 
surface on which we will map is a hyperquadric cone. The map of 
every configuration on the hyperquadric will be a configuration in 
ordinary space, invariant under the Gay. 


The mapping of the G2,. We shall represent the elementary sym- 
metric functions as follows: 


oi = t+ t+ 43+ %, 

$3 
$4 


Let ¥:=A Gi +Didibs + where i=1, 2, 3, 4, 5. 
There are five linearly independent y’s. We shall consider the y’s as 
the coordinates of a point in S,. Thus to each point in (x), and conse- 
quently to each of 24 points in (x), corresponds a point (y) in S;. The 
locus of the points (y) is a hypersurface of some order in S,. 

Let us choose five linearly independent y’s. (For every choice of y’s 
we will get some hypersurface and all these hypersurfaces will be 
linearly related.) 


= pa == $1 + 262 + — 
py2 = $2 — + 

pys = xite = bide — 262 — dibs + 

py = = gids — 

= >, = Hu. 


X2X3X4. 


If we eliminate the ¢’s we get a hyperquadric cone Q given by 


1 This Bulletin, vol. 33 (1927), pp. 745-750. 
2 Veronese Annali di Mathematica, (2), vol. 2, p. 93. 
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(1) + 29a + Gys) + 292 — — Yat — = 0. 


The rank of the matrix of this hyperquadric cone is three. This means 
that the hyperquadric has a line of vertices. The partial derivatives, 


— = + + 6Ys, — = 4y2 + + 124s, 


— = — 2y3 — 2%, — = 2y1 + 492 — 293 — 
OYs 

— = + 1242 

OYs 


all vanish at the points V(—4, 2, 4, —4, 1) and V’(4, —2, —1, 1, 0) 
and any point on the join of these two points. Hence this join VV’ 
is the vertex of the hyperquadric cone. 

Next, the exceptional points of the (1, 24) transformation will be 
considered. To the intersections of ¢,=0, ¢2=0, ¢,=0, that is, 
(1, w, w?, 0), (1, w, 0, w?), (1, 0, w, w?), (0, 1, w, w?), (1, w*, w, 0), 
(1, w?, 0, w), (1, 0, w?, w), (0, 1, w?, w), corresponds y1 = y2= 3 = 4 = Ys 
=0, which represents no point. These 8 points are fundamental points 
of the transformation. Hereafter they will be called the F-points. 

To the first neighborhood of the F-points corresponds the join of 
v’(4, —2, —1, 1, 0) and V(—4, 2, 4, —4, 1). For example, to the 
first neighborhood of (1, w, w?, 0), that is, Pa(1+d,, w+d2, w?+ds, ds), 


corresponds 
= 4(d; + de + dz) = 4(d; + dz + dz + ds) — 4(d4), 
yo = — + de +3) = — + do + ds + ds) + 2(d,), 
ys = — (di + de + ds — = — 1(d, + de + dz + ds) + 4(d4), 
ys = dy + dz + ds — 3dy = + + dz + ds) — 
ys = ds = O(d; + de + ds + ds) + 1(d,), 


which is the join of Vand V’. If Pz is on ¢;=0, to it corresponds the 
point V(—4, 2, 4, —4, 1). To any point on ¢,=0, ¢,=0 corresponds 
the point 7(2, 1,—2, 0, 0). A generic hyperplane, 
+dsy; =0, cuts Q in a quadric g and the line VT in a point R on g to 
which corresponds in (x) a quartic surface 


+ + — 403 + Ag — 4) = 0, 
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which has ¢,=0, ¢4=0 (which is composed of 4 lines) as double tan- 
gents. That is, the line ¢,=0, x,=0 is tangent to (2) at the points 
(1, w, w?, 0) and (1, w?, w, 0); the line ¢.=0, x3=0 is tangent to (2) 
at the points (1, w, 0, w?) and (1, w?, 0, w); the line ¢,=0, x2=0 is 
tangent to (2) at the points (1, 0, w, w?) and (1, 0, w?, w) and the line 
¢i1=0, x1=0 is tangent to (2) at (0, 1, w, w?) and (0, 1, w?, w). Thus to 
a generic point R on VT corresponds the first neighborhood of the F 
points, on ¢,:=0, ¢,=0. 
To a hyperplane through VV’ 


+ Arye + + (2A1 + Ae — 4) + — 12) ¥5 = 


corresponds the quartic 


$1 + (de — Abide + (2 + — = 0, 


which is the product of two quadrics of the form ¢{]+py¢2=0. Thus a 
generic hyperplane of the bundle through VV’ cuts Q in two planes 
to which correspond in (x) two quadrics of the symmetric pencil 
oi tub: =0. 

To a hyperplane through VV’ tangent to Q at some point 
P(a, b, c, d, e) on Q and not on VV’, 


(b + 2d + be)yi + (a + 4b + 4d + 12e)y2 — (2c + 2d) ys 
+ (2a + 4b — 2c — 2d)y4 + (6a + 126)y5 = 0, 
corresponds 


(b + 2d + — (4b + 10d + 2c + 24e) Gide 
+ (a + 6b + 4c + 12d + 24e)bs = 0. 


This quartic surface is the square of a quadric if (46+10d+2c+24e)? 
—4(b+2d+be)(a+6b+4c+12d+24e)=0 or if —4[(2b?—c?—d?) 
+a(b+2d+6¢e) +4bd + 12be+2cd] =0. But this is simply the condition 
that the point P(a, b, c, d, e) lie on Q which we assumed in the be- 
ginning. Thus to a hyperplane through VV’ tangent to Q at some 
point P not on VV’ corresponds a quartic which is the square of a 
quadric +u¢2=0. 
Toa hyperplane through VV’T, 


+ Oye + + + 24y5 = 0, 


corresponds the quartic ¢{=0 which is the plane ¢,=0 counted four 
times. 
To a hyperplane through the line VT, 
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¥1 + — 2)¥2 + + Asya + (4A3 — + 8) = 0, 


corresponds the quartic 


$1 + (M2 — 4)bide + (8 — + = 0, 


which is composed of the plane ¢:=0 and the cubic surface 
$i + + (8 = 0. 

In general if a hypersurface contains a plane of Q, a factor ¢; +d: 
splits off of the corresponding surface in (x). And if the hypersurface 
contains the line VT, the factor ¢; splits off in (x). 


Mapping of intersections of the hyperquadric cone. A generic hy- 
persurface H, cuts Q in a surface F2, to which corresponds in (x) a 
surface F;,. From the form of the transformation one can see that 
each of the four lines ¢;=0 and ¢,=0is an n-fold double tangent, and 
each of the 6 points of intersection of ¢:=0, ¢2=0, (1,7, —1, 4),. 
(1, —z, —1, 2), (1, 4, —1), (1, 4, —1), (@, —7z, 1, —1), 
(i, —i, —1, 1), is an -fold point of Fy. 

To a generic surface F,{ in (x) corresponds on Q a surface whose 
order can always be determined. Suppose F,’ does not pass through 
the F points. The equation of F, will contain a term of the form ¢7 
where 3m=n. A generic quartic surface F{ and another quartic sur- 
face f{ cuts F,!, or Fm, in 48m points which form 2m sets of 24 points 
each. To these 2m points correspond in (y) the 2m points that are 
on the plane of intersection of the two hyperplanes F and f that corre- 
spond to the two quartic surfaces Fj and f/. But these 2m points are 
the intersections of the surface in (y), that corresponds to F,’, and 
the plane common to F and f. Thus the surface in (y) that corre- 
sponds to F,! is of order 2m, where 3m=n. 

The surface Fz, on Q is cut out by a hypersurface H which may 
pass through a plane of Q. For example, when F,’ is a sextic surface, H 
is a hyperquadric, call it Hz, which passes through a plane of Q. That 
is, the intersection of H, and Q is composed of a plane and a cubic to 
which corresponds in (x) a quadric and a cubic surface. More gen- 
erally H,, cuts Q in a surface to which corresponds in (x) a surface 
of order 4m. In order that it reduce to 3m it is necessary that a factor 
of order m split off. We have seen that the factors will be of the form ¢f 
and (¢3+p2)*, where d+28=m, and H,, will contain VT two times 
and 8 planes of Q. For example, if »=9 and m=3, H,, will be a cubic 
that contains VT and one plane of Q. 

Suppose two hypersurfaces H,, and H, cut Q. To this intersection 
C will correspond in (x) the intersections of two surfaces F;,, and F,, 
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which is a curve C’ of order 16mn. Thus to C,,, in (y) correspond in 
(x) Chan 

To a generic curve C,! in (x) which is the complete intersection of 
two symmetric surfaces F? and F; , where rs =n, corresponds a curve 
in S, whose order can be determined. If the two surfaces do not go 
through the F points, each surface will have a term of the form ¢% 
where 3d=r or 3d8=s. A surface Fi will intersect F/ and F}, and 
consequently C,’, in 36d points to which corresponds in (y) 3648/24 
points which are intersections of the hyperplane that corresponds to 
Fi and the curve in (y) that corresponds to C,/. Hence order of the 
curve in (y) that corresponds to C,’ is 36d8/24 or 3n. 

The order of the curve Cigm, in (x) that corresponds to the intersec- 
tion of H,, and H, on Q may be reduced if either or both of H,, and H, 
contain a plane of Q or the line VT. For example if H,, contains VT 
then the curve in (x) is Cigncm—1) and if H,, contains a plane of Q the 
curve in (x) is Cy6nm—2)- 


Symmetric quartics. To a net of hyperplanes through a line s cut- 
ting Qin A and B corresponds in (x) a net of quartic surfaces with the 
same 4 double tangents ¢.=0, ¢,=0 and with two sets of 24 points 
each A’ and B’ corresponding to A and B as base points outside of 
the 8 F-points which are the points of tangency. When s is tangent to 
Q the quartic surfaces in (x) are all tangent to each other at 24 points. 
Now consider any two quadrics g’ and g’’ on Q. The common hyper- 
tangent planes of g’ and g’’ envelop two hyperquadric cones. Through 
a generic point of Q there are two tangent hyperplanes to each of the 
cones. To g’ and g’’ correspond in (x) two quartic surfaces Fj and Fi’. 
Every tangent hyperplane of one of these cones cuts Q in a quadric 
which touches gq’ and g’’. To this quadric corresponds a quartic sur- 
face in (x) which touches Fj in 24 points, and F{’ in 24 points. That 
is, given two symmetric quartic surfaces Fj and F{’ there exist two 
systems of symmetric quartic surfaces such that every quartic of the 
system has 24 point contact with Fi and Fj’. 

To the intersection of a hyperplane through VT with Q corresponds 
in (x) a system of symmetric cubic surfaces ¢3 +)1¢i1¢2++A263 = 0. Let 
q’ be a quadric not through VT. Now let I be the vertex of a hyper- 
quadric cone through g’ whose tangent hyperplanes cut Q in quadrics 
tangent to q’. To these correspond in (x) cubic surfaces and a quartic 
surface. Thus for a symmetric quartic surface corresponding to a 
generic quadric on Q there exists a system of cubic surfaces with the 
property of 24 point contact with the quartic surface. 
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SCALAR EXTENSIONS OF ALGEBRAS WITH 
EXPONENT EQUAL TO INDEX! 


SAM PERLIS 


If a normal simple algebra A has a special structural property, it 
is of interest to inquire whether every finite scalar extension Ax also 
has this property. We shall make such an inquiry here where the 
property assumed for A is equality of exponent and index. 

It suffices to consider only separable and purely inseparable fields 
K. Roughly stated, our result for separable extensions of finite de- 
gree is that preservation of the property in question depends only on 
whether it is preserved for scalar extension fields which are cyclic of 
prime degree. In the case of purely inseparable extensions the problem 
is immediately reducible to the case of such extensions of prime de- 
gree p, where # is the characteristic of the field. There remains the 
question whether such extensions always preserve equality of expo- 
nent and index, and we shall answer this question in the negative by 
means of an example. 

Every p-algebra over a field of degree of imperfection? unity has 
equal index and exponent.* The example mentioned above, however, 
shows that for every integer r>1 there exists a modular field of de- 
gree of imperfection 7 such that not all the p-algebras (p =2) over this 
field have exponent equal to index. 


1. Exponent reduction factor. If A is any normal simple algebra 
of exponent p over F, the exponent of any scalar extension Ax is a 
divisor ¢ of p=or. The integer 7 may be called the exponent reduction 
factor of A relative to K. This concept is analogous to that of index 
reduction factor and gives rise to a theorem analogous to that for in- 
dex reduction factors. 


THEOREM 1. Let A be a normal simple algebra over F,and K bean 
algebraic extension of degree q over F. Then the exponent reduction fac- 
tor of A relative to K is a divisor of q. 


Proor. The direct power A’ has exponent 7 and K as splitting 
field. Now 7 divides the index yu of A’, and p divides the degree gq of 
the splitting field K. Hence 7 divides q. 


1 Presented to the Society, April 12, 1940. 

2 For the concept of degree of imperfection see §3 of O. Teichmuller, p-Algebren, 
Deutsche Mathematik, vol. 1 (1936), pp. 362-388. 

3 Cf. O. Teichmuller, op. cit., p. 384. See also A. A. Albert, p-algebras over a field 
generated by one indeterminate, this Bulletin, vol. 43 (1937), pp. 733-736. 
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COROLLARY. If the degree q of K is prime to the exponent of A, the 
scalar extension Ax has the same exponent and index as A. 


For purely inseparable fields K the following result is stronger than 
that of Theorem 1. 


THEOREM 2. The exponent reduction factor of A relative to a purely 
inseparable field K is a divisor of the exponent of K. 


Proor. Now F has characteristic p, K has exponent p% and degree p? 
over F, and A=B XB, where B has exponent and has exponent 
prime to p. We have p= p°m =or, where @ is the exponent of Ax. By 
Theorem 1, 7 is a power of p so that c= p/m, Bx has exponent p’, and 
t=p*’. Hence Bx has a purely inseparable splitting field L of expo- 
nent ~/ over K. Now L splits B and is purely inseparable of exponent 
at most over F, whence it follows that p/**= p*, and p*2= p* 4 =r7, 
as desired. 


2. Separable extensions. In view of the fundamental result on the 
factorization of a normal division algebra corresponding to the fac- 
torization of its degree, it is completely sufficient to consider algebras 
of prime-power index p*, and we shall do so. We begin with a known 
tool theorem‘ on fields. 


LemMaA 1. Let K bea separable field of degree p‘g over a field W, with 
g prime to p. Then K is contained in a field L of degree pth over W, with 
h prime to p, such that 


(1) 


where L; is cyclic of degree p over (i=1, 2, - - - , €) and Lois separa- 
ble of degree h over W. 


This result will now be applied to algebras. 


THEOREM 3. Let F be a field, p a prime, and W any separable finite 
extension of F. Every normal simple algebra A of index p" and exponent 
p” (n variable) over every such field W has the property that the index and 
exponent of Ax are equal, for every separable field K of finite degree over 
W, if and only if this is true for every field K which 1s cyclic of degree p 
over W. 


4 Cf. the proof of Theorem 31, Chapter IV of A. A. Albert, Structure of Algebras, 
American Mathematical Society Colloquium Publications, vol. 24, 1939. A brief proof 
is obtainable as follows. The fieid K is contained in a normal field N of degree p*h over 
W, h prime to p. Then N is normal over K and contains a Sylow subfield L of degree 
hg“ over K, degree p*h over I”. Hence N is metacyclic over a subfield Lo, and we have 


(1). 


= 
= 
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Proor. We simply apply Lemma 1 and Theorem 1. Since the de- 
gree of L over K is prime to p, the index and exponent of Ax are the 
same, respectively, as those of Az. Now A,=(A1z,)L and A,z, has in- 
dex and exponent both equal to p” since Ly has degree h over W. By 
assumption A z,, has equal index and exponent. But J; is a separable 
finite extension of F and Lz is cyclic of degree p over L; so that Az, 
has equal index and exponent. A finite number of steps of this sort 
completes the proof. 

Every finite extension of a field W has the form 


(2) 


where each Q; is purely inseparable of prime degree g over Q:-1, g the 
characteristic of F, and Qo is separable over W. If g¥ >, the index and 
exponent of Ag are the same as those of Ax, the type of scalar exten- 
sion considered in Theorem 3. If g=p, we obtain an analogue of 
Theorem 3, applying to all finite extension fields Q, by allowing W 
to vary over all finite extensions of F, and assuming that Ag has equal 
index and exponent not only for all fields Q which are cyclic of degree 
p over W but also for all fields Q which are purely inseparable of de- 
gree p. It follows that every Ag has index equal to exponent, Q any 
finite extension of F. 


3. Purely inseparable extensions. Let P be either the prime field 
of characteristic two or a field obtained from this prime field by ad- 
junction of a finite number of independent indeterminates. Let xo and 
x be independent indeterminates over P, and F=P(xo, x). We shall 
construct an example of a cyclic algebra 


(3) D = Z,S, xox) 


over F with the properties described in Theorem 4 below. 

To select the cyclic extension Z we first consider Fy= P(x»). The 
equation A*=A+ Xp is irreducible over Fo, hence defines? a cyclic field 
Yo=F,(£) of degree two over Fo, and Yo is contained in a field Zo 
which is cyclic of degree four over Fy. Now Z =Z (x) is cyclic of de- 
gree four over F=F,(x) and Z contains Y= Y)(x). Any generating 
automorphism S of Z» over Fy may be regarded as a generating auto- 
morphism of Z over F. 

If the exponent of D=(Z, S, xox) were less than four, we should ® 
have D?~(Y, S, xox)~1 so that xox would be a norm in Y over F, 


5 For the theory of cyclic fields used in this section see Chapter IX of A. A. Albert, 
Modern Higher Algebra, Chicago, 1937. 
6 Albert, Structure of Algebras, chap. 7, Theorem 14. 
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contrary to the fact that x is an indeterminate over Fy. Hence D has 
exponent and index four and D is a division algebra. 

The field K = F(j), j?=<x, is purely inseparable of degree two over F 
and 


(4) Dr = (Zk, S, ox). 


Now Y= F(é), and, letting Y XK, we have xo = Ny;r(£) 
= Ny, ;x(&), xox = Ny, |x(&j). The exponent of Dx is thus at most two 
while by Theorem 1 it is at least two; hence it is equal to two. How- 
ever, when the extension Z» is appropriately chosen we may show by 
a matric representation of D that Dx has index four. To make the 
required proof we need only show that K is not equivalent over F 
to a subfield of D. 
In order to select Zp we prove 


LEMMA 2. The extension Zo over Yo may be chosen so that xo is not a 
norm with respect to Zo over Yo. 


We have 
(5) Zo = Yo(n), wv, 


where w in Fo is at our choice. We shall choose w=1. Suppose 
xo=Nz,\y,(2), in Zo. Then z cannot be in for, if so, 2? =x» whereas 
contains no quantities inseparable over Fo. Hence z=a,(b+ 7) with 
a,~0, a, and bin Yo, xo= Nz, \y,(2) ifa=az", 


(6) + b+ +1 = 


Letting a=mé+a2, b=6,E+6, with a; and 6; in Fo we find that (6) 
is equivalent to the pair of equations 


Bs + = ato, 
(7) 2 2 
Bo + Bo +1 = + Bi + Xo). 
Let 
(8) a: Bi = i= 1,2, 


be expressions for the a; and 8; as quotients of relatively prime poly- 
nomials in P [xo] with denominators 6; and 6/ all monic (i.e., having 
leading coefficients unity). Substituting in (7:) we find that 6y = 6, so 
that (71) is equivalent to 


2 2 2 
vy + + = 


This equation shows that 6; is prime to Xo. 
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Now substituting from (8) in (7) we are led to the equation 


(9) ve + + = + + 


We observe from (9) that 53 divides xo55?, and since 6, is prime to xo, 
it follows that if & has a factor x» so does 6. Thus in any case the 
right side of (9) is a polynomial divisible by xo. If the constant terms 
of ve and 67 are v and 4, respectively, we see then that the left side 
of (9) has constant term v*-+v6+&=0. Further, v and 6 cannot both 
be zero since v2 and 6/ are relatively prime. The equation \?+A+1=0 
thus has a solution \=v6—! or A= 6y—! in P. On the other hand this 
equation has no solution in the field P, and this contradiction estab- 
lishes the lemma. 


THEOREM 4. There exists a cyclic algebra D of index and exponent 
four over an appropriate field F of characteristic two, and a purely in- 
separable extension K of degree two over F, such that Dx has index four 
and exponent two. 


To make the proof we first represent D = (Z, S, xox) by a set of four- 
rowed matrices with elements in Z. We have D=Z+uZ+17?Z+13Z, 
ut=xox, and zu= for every z of Z. If 
(10) D = + + + 2; in Z, 


is any quantity of D and U is the vector (1, u, u?, u*), then vU= UG 
where @ is the matrix 


( 3 
Z0 XXoZe 
s s° 
Zz xX X 
(11) = 1 Z0 023 0: 
s s 
Z1 “0 XXZ3 
s s 
23 22 21 Z0 


The correspondence v— is an equivalence over F (when we identify F 
with the field of four-rowed scalar matrices over F) of D with the set 
of matrices 7. Note that the quantities y=z9 in z correspond to di- 
agonal matrices, diag { 20, 26, such that | = Nz For 
this norm we shall use the simpler symbol N (zo). 

Suppose that D contains a subfield equivalent over F to K, that is, 
D contains a quantity v such that v?=x. Then 3?=x, | 62| =x‘, and 
‘| =x*. Every 2; in (10) has the form z;=s,t7! where s; and ¢; are in 
the polynomial domain Zo[x] and are relatively prime. Also, N(s;) 
and N(t,) are in Fo[x]. 


| 
| 
| 
| 
J 
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Let x” be the highest power of x occurring as a factor in the denomi- 
nators Then w=vx™=2¢ +u*2j, 2/ =2,0"™=s{ (t/)—, 
ti prime to x (t=0, 1, 2, 3), and w corresponds to a matrix #=ix” 
all of whose elements have denominators prime to x. Further, 


| =| and N(t/) is in Fo[x] and is prime to x. 
We shall prove m=0. Assuming m>0 we have 
N(s¢ ) 
(12) | = = N(2J) + = —— + 
) 


where Q may be written as a quotient of polynomials in x with de- 
nominator prime to x. From the equation, 


(13) N (to )x?+4™ = N(s¢) + 


we see that x is a factor of N(s¢), hence of s¢. This result implies 
that x” is not a factor of to. Using sf =xsg’ in the matrix # we find 
N(st) 

N(ti) 


(14) | = x2t4m = + x70), 
and as above we deduce that s/ =xs/’ with s/’ in Fo[x]. 

We may continue this process until we have shown that every s/ 
is divisible by x. But this means that no ¢; has the factor x”, contrary 
to the definition of m. This contradiction proves that m=0 so that 
the denominators ¢; of all the 2; are prime to x. Now w=z, and by 
repeating the argument above we find that so and s; are divisible by x. 

Computing v?=a9+ua1+u7a.+u*%a3=x (a; in Z), we must obtain 
Q;=d2=a3=0, a9=x. For do we find 


3 


whence we have 


2 s 
(16) Zo + xox(21 23 + 2123) = x(1 — xozeze ). 


Since the numerators of the terms on the left are all divisible by x?, 
the numerator, = Nz \y(te) —xoNz)y(se), of the quantity in 
parentheses on the right must have a factor x. If the polynomials & 
and s2 of Zo[x] have constant terms 72 and oz, respectively, the con- 
stant term of Nz)y(t) —xoNz)y(sz) is, then, 


(17) Nzjy(t2) — xoNz\r(o2) = 0. 


Since fz, is prime to x, we have 720, hence o2~0 by (17). Also, 72 and 
02 are in Zp. Thus (17) may be written as 
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contrary to the result stated in Lemma 2. This contradiction com- 
pletes the proof. 

Let r be any integer greater than unity, and let P be obtained from 
its prime subfield Py by adjunction of r—2 independent indetermi- 
nates. Then F is obtained from the perfect field P» by adjunction of r 
indeterminates, F and K are said to be fields of degree of imperfec- 
tion r, and we have the following result. 


THEOREM 5. For every integer r>1 there exists a modular field K of 
degree of imperfection r such that not all the p-algebras over K have ex- 
ponent equal to index. 


This is in contrast to the case r=1 for which every p-algebra is 
known to be cyclic with equal index and exponent. One may note, 
finally, that much of the work above is valid when the characteristic 
is any prime ?, and it seems likely that the remaining details can be 
carried through for this generalized case. 
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